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Abstract— This report reduces the total number of lifting
steps in a 3D quadruple lifting DWT (discrete wavelet
transform). In the JPEG 2000 international standard, the 9/7
quadruple lifting DWT has been widely utilized for image data
compression. It has been also applied to volumetric medical
image data analysis. However, it has long delay from input to
output due to cascading four (quadruple) lifting steps per
dimension. We reduce the total number of lifting steps
introducing 3D direct memory accessing under the constraint
that it has backward compatibility with the conventional DWT
in JPEG 2000. As a result, the total number of lifting steps is
reduced from 12 to 8 (67 %) without significant degradation of
data compression performance.

L INTRODUCTION

The three dimensional (3D) discrete wavelet transform
(DWT) has been applied for data compression of volumetric
medical images [1], and for analysis of hyper spectral images
[2]. Tt is constructed by cascading conventional 1D DWTs in
three dimensions, e.g. width, height and depth. However it
requires long delay from input to output, especially when the
DWT is implemented in the lifting structure. In this report, we
propose a low delay 3D ‘quadruple’ lifting DWT compatible
with the conventional 9/7 DWT in JPEG 2000 [3].

In case of 2D image processing, a 1D DWT is applied
twice (vertically and horizontally) to a 2D image signal. It is
referred to the ‘separable’ 2D DWT, since its transfer function
is expressed as a product of two ID functions. This
processing is widely utilized in conventional image
processing systems, e.g. JPEG 2000, owing to its advantage
that it requires simple 1D memory accessing [4].

However, the separable 2D DWT requires long delay
especially when the 1D DWT is composed of cascading many
lifting steps. This is because a lifting step must wait for a
result of the former lifting step. In addition, its flexibility of
directional filtering is also restricted. Therefore various ‘non-
separable” 2D DWTs have been investigated to make it free
from restrictions of the separable 2D structure [5-12].

The separable ‘double’ lifting DWT (5/3 filter bank) in
JPEG 2000 was extended to non-separable one in [6].
Introducing 2D memory accessing, the total number of lifting
steps was reduced from 4 to 3 in one stage decomposition
(into four bands: LL, LH, HL and HH). It was extended to the
‘quadruple’ lifting DWT (9/7 filter bank) in [7]. The lifting
steps were furthermore reduced in [8]. Its performance was

investigated from various point of views in [9,10]. Even
though these non-separable 2D DWTs have widely applied
for more flexible filtering in [11, 12], only few attempts have
so far been made at the 3D signal processing case.

Therefore, we extend the previous discussions on 2D case
to 3D case. Recently, we invented a non-separable DWT in
[13]. However, it was limited to ‘double’ lifting DWT
especially utilized for lossless coding. In this report, we
propose a non-separable ‘quadruple’ lifting DWT widely
utilized for lossy coding and analysis of volumetric data.

It is indicated that the total number of lifting steps is
reduced from 12 to 8 (67 %). We also confirm that the
proposed 3D DWT has acceptable compatibility with the
conventional separable 3D DWT.

II.  PREVIOUS WORKS

A.  Two Dimensional (2D) ‘Quadruple’ Lifting DWT

Fig.1 illustrates the separable 2D ‘quadruple’ lifting DWT.
Pixels in the original image are classified into four groups
{Xo0, Xo1, X10, X11} according to their locations. In the first
lifting step, a pixel value in Xj, is predicted from neighboring
pixels in Xy. Predictions from Xy to X7, are also performed at
the same timing as illustrated in Fig.2(a). After waiting for the
results of the 1st step, predictions in the 2nd step is performed.
Since this ‘separable’ structure has eight lifting steps, it has
long delay from the input {Xy, Xo1, Xi0, X11} to the output
band signals {LL, LH, HL, HH}.

To reduce the total number of lifting step, a non-separable
2D ‘quadruple’ lifting DWT (type I) was reported in [7].
Subsequently, its lifting steps were furthermore reduced (type
II) in [8,9]. As illustrated in Fig.3, it has six lifting steps in
total. Therefore, the total number of lifting steps was reduced
from 8 to 6 as summarized in table L.
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Fig.1 Separable 2D ‘quadruple’ lifting DWT.
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Fig.2 Predictions in the 2D lifting DWT.
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Fig.3 Non-separable 2D ‘quadruple’ lifting DWT (type II).

Table I Comparison among the DWTs.

criteria rounding operations lifting steps
lifting double | quadruple | double |quadruple
separable 4 16 4 8
2D| non type I 4 12 3 7
separable | type II - 8 — 6
D separable 24 48 6 12
non separable 8 16 4 8

B.  Expression in z-Transform Domain

Procedures of the signal processing in the DWT are
described in the z-transform domain as follows. Using the 2D
z-transform:
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n,=0 n;=0

for a pixel value x(n,n,) at location (ny,n,) of the original
image signal, the four groups are classified [10] as
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The predictions are performed with the finite impulse
response (FIR) filters:
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for

and

h, =-1.586134342059924, h, =-0.052980118572961,
h; =0.882911075530934, h, =0.443506852043971, (5)
k =1.230174104914001

as specified in the JPEG 2000 international standard. In case
of (4), each FIR filter has four tap and symmetry. The number
of tap can be extended to more than four [9].

C. Separable 3D DWT (Existing Method)

Similarly to Fig.1, a separable 3D DWT is implemented as
illustrated in Fig.6. Predictions in the 3D lifting steps are
performed as illustrated in Fig.4 similarly to Fig.2(a). Note
that pixels in the original image are classified into eight
groups  {Xoo0, Xoo1, Xoro, Xo11, X100, X101, X110, X1} and
decomposed into eight frequency band signals {LLL, LLH,
LHL, LHH, HLL, HLH, HHL, HHH} by adding one more
dimensional filtering:

G G
c, G,

} =H(z;). (6)

As illustrated in Fig.6, it has twelve lifting steps in total. We
are going to reduce this number in the next section.
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Fig.4 Predictions in the separable 3D lifting DWT.

III. NON-SEPARABLE 3D WAVELET

Unlike the predictions of the ‘separable’ 3D DWT in Fig.4,
we introduce the predictions based on the 3D direct memory
accessing illustrated in Fig.5. The proposed ‘non-separable’
3D DWT is illustrated in Fig.7. As clearly indicated, the total
number of lifting steps is reduced from 12 of the existing
method in Fig.6 to 8 of the proposed method in Fig.7. It is
guaranteed that the output band signals in the proposed DWT
are exactly the same as those of the existing DWT in case of
numerical rounding errors are negligible. In this sense, the
proposed ‘non-separable’ 3D DWT has full compatibility
with the existing ‘separable’ one.
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Fig.5 Predictions in the non-separable 3D lifting DWT.

Fig.5 (left) illustrates the prediction in the 1st lifting step of
Fig.7. Its prediction error is calculated as

for a pixel value x. After completion of calculation in the 1st
step, prediction in the 2nd step is performed as

e110(2) = X, 19(2) + Rg[ X, 14(2)]
e101(2) = X0 (2) +Rs[)?101(z)]
ep1(2) = X01|(Z)+Rs[f(011(z)]

)

for
)Afl 10(2) = 4B X50(2) + 4 X10(2) + B1 X 199(2) + C, X 1,(2)
Xi01(2) = 4C X (2) + 4 X1 (2) + C1 X9 (2) + B, X11,(2)
Xo11(2) = BiC X 99(2) + B X1 (2) + C X 10(2) + 4, X 1,(2)

e111(2) = X111(2) + Rs [ X111 (2)] ™ These predictions can be performed without mutually waiting
for for each calculation result. The prediction in the 2nd step is
N illustrated in Fig.5 (middle). Similarly, other lifting steps are
X111(2) = 4B,C X g0 (2) + 4B, X 991 (2) + 4,C1 X1 (2) performed as illustrated in Fig.7.
+4,Xy,(2)+ B,C X 9(2) + B X, (2) + C,.X19(2) Finally, as summarized in table I, the total number of lifting
. . steps is reduced from 12 to 8 (67 [%]) in the quadruple lifting
where Ry[ ] denotes rounding operation [14] defined as 3D DWT. Note that the number of rounding operations in (8)
Ry[x]= round (x 2Fs )- 7-Fs @®) is also reduced from 48 to 16 (33 [%]).
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Fig.6 Separable 3D structure of the quadruple DWT (existing method).
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Fig.7 Non-separable 3D structure of the quadruple DWT (proposed method).



IV. EXPERIMENTAL RESULTS

Fig.8 illustrates results of applying the 3D DWT to the CT
scanned images provided by MATLAB. The original eight
images are decomposed into four LLL band images as
illustrated in the top-left in Fig.8. These images can be further
more decomposed in the 2nd stage of the octave
decomposition in the future (omitted here).

To confirm compatibility of the proposed DWT with the
existing DWT, we calculated difference of the band signals
between the existing method with F=64 and the proposed (or
existing) method with Fg indicated in the horizontal axis of
Fig.9. The standard deviation of the difference was observed
to be proportional to 27°. We also investigated effect of
shortening word length of filter coefficients in (5). It was
observed that there is no significant difference between the
two methods in their output signals according to Fig.10.

Fig.8 Results of applying the 3D DWT to eight CT images.
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Fig.9 Effect of shortening word length of signal values.
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Fig.10 Effect of shortening word length of filter coefficients.

V. CONCLUSIONS

A non-separable 3D DWT compatible with the
conventional separable 3D ‘quadruple’ lifting DWT was
reported. Introducing 3D direct memory accessing, the total
number of lifting steps was reduced from 12 to 8 (67 %).
Derivation process of the proposed DWT, omitted here due to
lack of space, will be opened in the near future.
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