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Abstract— In this paper, a new approach to the design of 
digital FIR fractional delay filter with consideration of noise 
attenuation is presented. The design is based on the 
maximization of signal-to-noise ratio (SNR) at the output of the 
fractional delay filter under the constraint that actual frequency 
response and ideal response have several same derivatives at the 
prescribed frequency point. The optimal filter coefficients are 
obtained from the generalized eigenvector associate with 
maximum eigenvalue of a pair of matrices. Numerical examples 
are demonstrated to show the proposed method provides higher 
SNR than the conventional FIR fractional delay filter design 
methods without considering the noise attenuation.  

I. INTRODUCTION 

    In recent years, fractional order signal processing has 
received great attentions in many engineering applications. 
The research topics include fractional Fourier transform, 
fractional stochastic processes, fractional calculus and 
fractional delay filter [1]-[4]. In this paper, the design of 
fractional delay filter will be studied. So far, the fractional 
delay filter has become an important element in several 
applications like beam steering of antenna arrays, time 
adjustment in digital receivers, modeling of music instruments, 
speech coding and synthesis, comb filter design, digital 
differentiator design, digital integrator design, image 
interpolation and analog to digital conversion, etc. [5]-[12]. 
An excellent survey of the fractional delay filter design is 
presented in the tutorial paper [5]. 
    The ideal frequency response of the fractional delay filter is 
given by 
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where τ  is a positive real number in the desired range. Thus, 
the fractional-delay design problem is how to find a digital 
filter such that its actual frequency response fits the ideal 
response )(ωdH  as well as possible. The existing design 
techniques of fractional delay filter can be mainly classified 
into two groups: fixed fractional delay (FFD) design and 
variable fractional delay (VFD) design. In the former, the 
delay τ  is fixed. The typical FFD design methods include the 
window method [5], Lagrange interpolation method [5], 
maximally flat design [7], and discrete Fourier transform 
method [8]. In the latter, the delay τ  is variable. So far, 

several methods have been proposed to solve the VFD design 
problem such as Lagrange method [9], weighted least squares 
(WLS) method [9][10], decoupling approach [11], and second 
order cone programming [12] etc. These methods have their 
unique features. 
   The ideal response in equation (1) is an all-pass filter design 
specification, so conventional designed FFD and VFD filters 
are both only suitable for the fractional-sample delay of noise-
free measurement signal. When the signal is corrupted by 
noise, the fractional delay filter needs to be designed with 
consideration of noise attenuation. One of the methods is to 
use the cascade method. First, the well-known Wiener filter is 
used to mitigate the noise. Then, the enhanced signal is 
fractionally delayed by conventional fractional delay filter. 
Although, this cascade approach can work well, it needs lager 
computational load. Moreover, the signal-to-noise ratio (SNR) 
at the fractional delay filter output is not really maximized. In 
this paper, the fractional delay filter is designed by 
maximizing the output SNR under the constraint that actual 
frequency response and ideal response have several same 
derivatives at the prescribed frequency point. The optimal 
filter coefficients are easily obtained from the generalized 
eigenvector associate with maximum eigenvalue of a pair of 
matrices. 
   The organization of this paper is as follows: In section II, 
the design problem is stated. In section III, the proposed 
design method is described. In section IV, some numerical 
examples are demonstrated to show the proposed method 
provides higher SNR than the conventional fractional delay 
filter design methods without considering the noise 
attenuation. Finally, a conclusion remark is made. 

II. DESIGN PROBLEM 

In this paper, the input signal )(nx  to the fractional delay 
filter is a desired signal )(ns  corrupted by zero-mean white 
noise )(nv , that is, )()()( nvnsnx += . The powers of the 

signals )(ns  and )(nv  are assumed to be 2
sσ  and 2

vσ  
respectively. The problem considered in this paper is how to 
design a digital finite impulse response (FIR) fractional delay 
filter )(zH  given by 
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such that the desired signal )(ns  is fractionally delayed and 
the unwanted noise )(nv  is attenuated. Now, let us study the 
signal to noise ratio (SNR) at the input and output of the 
fractional delay filter below: If the power spectral densities of 
the signals )(ns  and )(nv  are denoted by )(ωsS  and 

)(ωvS , then we have 
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where operator ][⋅E  is the expected value. Thus, the SNR of 
the input signal of fractional delay filter is given by 
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Moreover, the output signal )(ny  of the fractional delay 
filter can be written as 
                            )()()( nynyny vs +=                         (5) 

where )(nys  and )(nyv  are the output signals when  )(ns  

and )(nv  pass through the fractional delay filter.  Thus, the 

output powers of the signals )(nys  and )(nyv  are given by 
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If the frequency response )( ωjeH  approximates the ideal 

response )(ωdH  in (1) very well, then we have 
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The above expression is valid because the ideal response in 
equation (1) is an all-pass filter design specification. 
Substituting (7) into (6), it yields the following results 
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Thus, the SNR of the output signal of fractional delay filter is 
given by 
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Comparing equations (4) and (9), it can be found that the 

oSNR  is equal to iSNR  for the ideal fractional delay filter. 

This means that the signal )(nx  is fractionally delayed 
without attenuating the corrupted noise at all. The purpose of 

this paper is to study how to design FIR fractional delay filter 
by maximizing the output signal to noise ratio oSNR  if a 
priori information of the power spectral density function 

)(ωsS  is available. The details will be described in next 
section. 

III. PROPOSED DESIGN METHOD 

In the proposed method, the filter coefficients )(kh  in (2) 

are determined by maximizing oSNR  at the output of 
fractional delay filter under the constraint that actual 
frequency response )( ωjeH  and the ideal frequency 

response )(ωdH  have several same derivatives at the 
prescribed frequency point. So, in this section, the 
computation of oSNR  is first described. Then, the derivative 
constraints are studied. Finally, the design algorithm is 
presented. 

A. Computation of output SNR 

In order to maximize oSNR , we need to derive a closed-

form expression of oSNR . When the noisy signal )(nx  

passes through the FIR filter in (2), its output )(ny  is 
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where T denotes vector or matrix transpose, vectors h  and 
)(nx  are defined by 

                    TNhhh )]()1()0([=h                (11a) 

         TNnxnxnxn )]()1()([)( −−=x       (11b) 
If we define the desired signal vector )(ns  and noise vector 

)(nv  as 

         TNnsnsnsn )]()1()([)( −−=s         (12a) 

         TNnvnvnvn )]()1()([)( −−=v        (12b) 

then it can be shown that two components )(nys  and )(nyv  

of the output signal )(ny  in (5) can be written as 
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Thus, the output powers of  )(nys  and )(nyv  are given by 

               hRhsh s
TT

s nEnyE == ]))([(])([ 22            (14a) 

              hRhvh v
TT

v nEnyE == ]))([(])([ 22             (14b) 
where two correlation matrices are 
                                ])()([ T
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Thus, the output SNR is given by 
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Because )(nv  is a white noise, the correlation matrix 

becomes IR 2
vv σ= , where I is the identity matrix. Thus, the 

oSNR  in (16) can be written as 
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Usually, the correlation matrix sR  and noise variance 2
vσ  

are unknown, so it is necessary to modify the oSNR  in (17) 
such that the optimization can be performed. The 
modification is based on the fact: Find parameter vector h  to 
maximize oSNR  is equivalent to find vector h  to maximize 

βα +oSNR , where α  and β  are arbitrary constants and 

0>α . Thus, choosing 2
vσβα == , we have 
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where the xR  is the correlation matrix of the input signal 

)(nx  below: 
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Because the matrix xR  can be estimated from the input 

signal )(nx , we will find the vector h  to maximize )(hJ  
in this paper. Note that the optimal parameter h  that 
maximizes )(hJ  also maximizes the signal to noise ratio 

oSNR  because expression  βα += oSNRJ )(h  is valid. 

B. Computation of derivative constraint 
For the fractional delay filter design, the problem is how to 

find filter coefficient vector h  such that the frequency 
response )( ωjeH  approximates the ideal response )(ωdH  
as well as possible. To achieve this purpose, we let the actual 
frequency response and ideal response have several same 
derivatives at the prescribed frequency point 0ω . That is, the 
following derivative constraints are imposed on the frequency 
response )( ωjeH : 
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where the order },,2,1,0{ Mm ∈ . So, the total number of 

constraint is 1+M . Taking ωjez = , the frequency 
response of FIR filter in (2) is given by 
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So, the derivative of actual response can be computed by 
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where the vectors ),( υωRc  and ),( υωIc  are given by 
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Moreover, using the equation (1), the derivative of the ideal 
frequency response is computed by 
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Using equations (22) and (24), the constraints in (20) reduce 
to the following form: 
                )cos(),( 00 τωτω m

R
T m =ch                    (25a) 



                )sin(),( 00 τωτω m
I

T m =ch                      (25b) 
where Mm ,,1,0= . The above constraints can be further 
written as the matrix form below: 
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where 
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with 
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Finally, two remarks are made below: First, the equation (25b) 
is always valid if the 00 =ω . Thus, the equation (27) is used 

for the case of 00 ≠ω . If 00 =ω  is chosen, equation (27) 

reduces to RCC =  and Rff = . Second, if 00 =ω  and 

MN =  are chosen, the above design reduces to the 
conventional maximally flat Lagrange design. In this case, the 
filter coefficients have the closed-form solution below: 
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So far, the derivative constraints have been described. In what 
follows, we will combine the oSNR  maximization and these 
derivative constraints to design FIR fractional delay filter. 

C. Design Algorithm 

In this paper, the fractional delay filter )(zH  is designed 
by maximizing the cost function )(hJ  in (18) subject to the 
derivative constraint fCh =  in (26). That is, we want to 
solve the following optimization problem: 

                   Maximize 
hh
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                   Subject to fCh =                                       (30) 
This is a constrained nonlinear optimization problem, so it is 
not easy to obtain the optimum solution. However, it is 
fortunate that the problem in (30) is approximately equivalent 
to the following problem: 

                   Maximize 
η

η
+

+
hh
hRh

T
x

T

 

                   Subject to fCh =                                       (31) 

where η  is a very small number. The smaller η , the better 
the approximation. In order to solve the problem in (31), let 
us define three matrices and a vector as 
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then the problem in (31) can be rewritten as the form: 
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                    Subject to 0=Ea                                        (33) 
where 0  is zero matrix. The key idea to solve this 
constrained optimization problem is that all the vectors a  
satisfying the constraint 0=Ea  can be expressed as 

Bwa = , where the columns of matrix B  form an 
orthonormal basis of the null space of matrix E . Using the 
QR decomposition or SVD, it is easy to get B  from E . The 
details can be found in [13]. Thus, the problem in (33) can be 
further simplified as 
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It is well known that the optimal solution ow  of the 
optimization problem in (34) is the generalized eigenvector of 
a pair of matrices BQB 1

T  and BQB 2
T  corresponding to 

the maximum eigenvalue. And, the desired solution oa  is 

equal to oBw . So, by scaling the vector oa  into the form 

]1[o −= oha , then the vector oh  is an approximate 
optimum solution of the problem in (30). The smaller η  is 
chosen, the better approximation to the optimum solution has. 
Now, the entire algorithm to design fractional delay filter is 
summarized as follows: Given the noisy measurement signal 

)(nx  ),,2,1( Ln = , filter order N , fractional delay τ , 

number of derivative constraints M , frequency point 0ω , 
and small number η . 
Step 1: Compute matrix C  and vector f  by using (27). 

Step 2: Estimate the correlation matrix xR  by using the time 
average formula: 

                     ∑
+=−

=
L

Nn

T
x nn

NL 1
)()(1 xxR                    (35) 

where )(nx  is defined in (11b). 

Step 3: Construct three matrices 1Q , 2Q , and E  by using 
equation (32). 
Step 4: Use the QR decomposition or SVD to find the null 
space of matrix E  and construct matrix B . 



Step 5: Find the generalized eigenvector of a pair of matrices 
BQB 1

T  and BQB 2
T  corresponding to the maximum 

eigenvalue. And, compute the vector oa  using the equation 

oBw .  

Step 6:  Scale the vector oa  into the form ]1[o −= oha , 

then the vector oh  is an approximate optimum solution. 

Step 7: Let the measurement )(nx  pass through the designed 
FIR filter )(zH , then its output  
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is the desired fractional-delay signal of )(nx . 
   Three remarks are made below: First, the proposed method 
uses the correlation matrix xR  of the input signal )(nx  to 
design fractional delay filter, so it is signal-dependent design. 
That is, the designed fractional delay filter has considered the 
characteristic of the signal to attenuate the noise. Second, the 
number of derivative constraints 1+M  needs to be smaller 
than the filter length 1+N  such that there are MN −  
degree of freedom to maximize the output SNR. Third, if 

)(ns  is a narrowband signal whose energy concentrates on 

the frequency band around the point cω , then the 0ω  had 

better be chosen as cω  to let fractional-delayed signal 

)( τ−ns  pass through the designed FIR filter. 

IV. NUMERICAL EXAMPLES 

In this section, three examples performed with MATLAB 
language is now presented to evaluate the performance of the 
proposed fractional delay filters. The generalized eigenvector 
corresponding to maximum eigenvalue can be found by using 
the MATLAB instruction EIG. 
   Example 1: Polynomial signal 
In the first example, the signal )(ns  is chosen as a 
polynomial signal below: 
                   2005.02.0)( nnns +=                  (37) 
Thus, its fractionally delayed signal can be easily computed 
by 

  2)(005.0)(2.0)( τττ −+−=− nnns  (38) 
Since the simulated white-noise signal )(nv  and polynomial 

signal )(ns  are known, the components )(nys  and )(nyv  

in the fractional delay filter output )(ny  can be computed by 
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In order to evaluate the performances of various design 
methods, two performance indices are defined below: 
(1) If )(zH  is a good fractional delay filter, the output  

)(ny  in (36) will be very close to )( τ−ns . So, the absolute 
error between )(ny  and )( τ−ns  can be used to evaluate 
whether )(zH  is a good fractional delay filter or not. The 
error is defined by 
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Obviously, the smaller Err  is, the better fractional delay 
filter )(zH  has. 
(2) It is desirable that the SNR at fractional delay filter output 
is as high as possible. Using the time-average method, the 
signal power sP  and noise power vP  at the filter output can 
be estimated by 
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Based on the above results, the SNR of the output signal of 
fractional delay filter is estimated by 
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Obviously, the higher oSNR  is, the better fractional delay 

filter )(zH  has. 
Here, the proposed method will be compared with two 
conventional fractional delay filters listed below: 
Method 1: Lagrange maximally flat fractional delay filter 
whose filter coefficients are given by equation (29). 
Method 2: Hamming-window based fractional delay filter 
whose filter coefficients are given by 

                         )()()( khkwkh i=                    (43) 
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Note that the above two methods are not signal-dependent 
approaches. Now, let us compare the proposed method with 
two conventional methods by using Err  and oSNR . The 

parameters are chosen as noise variance 362 =vσ , filter 

order 20=N , length of input signal 200=L , frequency 
point πω 01.00 = , number of derivative constraints 

5=M  and 0001.0=η . Fig.1 shows the magnitude 
responses and group delay responses of three designed 
fractional delay filters. The solid line is actual response and 



dashed line is ideal response. The magnitude response of the 
proposed method is small at high-frequency band for 
attenuating the corrupted noise. Due to the small magnitude at 
high-frequency band, the large group delay error at high-
frequency band is allowable. Fig.2 shows the corresponding 
output signals )(ny   of the designed fractional delay filters. 
Clearly, the outputs of Lagrange design and Hamming-
window based design are noisy, so they are not good for 
fractionally delaying a noisy signal. Table I lists the Err  and 

oSNR  of three design methods. From these results, it is clear 
that the proposed method is better than two conventional 
methods because Err  is the smallest and oSNR  is the 
highest among them. 
 

TABLE I 
PERFORMANCE COMPARISON OF THREE DESIGN METHODS OF 
FRACTIONAL DELAY FILTERS IN EXAMPLE 1. 
 

Design methods Err SNRo 
Lagrange method 4.3315 371.71 

Hamming-window method 4.4685 335.99 
Proposed method 2.9339 840.18 
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Fig.1 The magnitude responses and group delay responses of 
the designed fractional delay filters in example 1. The solid 
line is actual response and dashed line is ideal response. (a)(b) 
The results of Lagrange method. (c)(d) The results of 
Hamming-window based method. (e)(f) The results of the 
proposed method. 
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Fig.2 The output signals )(ny  of the designed fractional 
delay filters in example 1.  (a) The output of Lagrange method. 
(b) The output of Hamming-window based method. (c) The 
output of the proposed method. 
 
   Example 2: Single sinusoidal signal 
In the second example, the signal )(ns  is chosen as a single 
sinusoidal signal below: 
                    )1.0sin(10)( nns π=                    (45) 

Thus, its fractionally delayed signal can be computed by 
            ))(1.0sin(10)( τπτ −=− nns         (46) 

Here, the  Err  and oSNR  in equations (40) and (42) are 
also used to evaluate the performance for single sinusoidal 
signal case. The parameters are chosen as noise variance 

252 =vσ , filter order 20=N , length of input signal 

200=L , frequency point πω 1.00 = , number of 

derivative constraints 3=M  and 0001.0=η . Fig.3 
depicts the magnitude responses and group delay responses of 
three designed fractional delay filters. The magnitude 
response of the proposed method is small at high-frequency 
band for attenuating the corrupted noise. Due to the small 
magnitude at high-frequency band, the large group delay error 
at high-frequency band is allowable. Fig.4 depicts the 
corresponding output signals )(ny   of the designed fractional 
delay filters. Clearly, the outputs of Lagrange design and 
Hamming-window based design are also noisy. Table II lists 
the Err  and oSNR  of the three design methods. From these 
results, it is clear that the proposed method is better than two 
conventional methods in this case because Err  is the 
smallest and oSNR  is the highest among them. 
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Fig.3 The magnitude responses and group delay responses of 
the designed fractional delay filters in example 2. The solid 
line is actual response and dashed line is ideal response. (a)(b) 
The results of Lagrange method. (c)(d) The results of 
Hamming-window based method. (e)(f) The results of the 
proposed method. 
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Fig.4 The output signals )(ny  of the designed fractional 
delay filters in example 2.  (a) The output of Lagrange method. 
(b) The output of Hamming-window based method. (c) The 
output of the proposed method. 
 

TABLE II 
PERFORMANCE COMPARISON OF THREE DESIGN METHODS OF 
FRACTIONAL DELAY FILTERS IN EXAMPLE 2. 
 

Design methods Err SNRo 
Lagrange method 3.3558 2.7442 

Hamming-window method 3.5212 2.4134 
Proposed method 1.9185 8.6781 

 
   Example 3: Multiple sinusoidal signals 
In the third example, the signal )(ns  is chosen as the 
multiple sinusoidal signals below 
  )3.0cos(5)2.0sin(5)( nnns ππ +=     (47) 
Thus, its fractionally delayed signal can be computed by 

            
))(3.0cos(5

))(2.0sin(5)(
τπ

τπτ
−+

−=−
n

nns
        (48) 

Here, the parameters are chosen as 252 =vσ , 20=N , 

200=L , πω 25.00 = , 4=M  and 0001.0=η . Fig.5 
shows the magnitude responses and group delay responses of 
the designed fractional delay filters. Fig.6 shows the 
corresponding output signals )(ny   of the designed fractional 
delay filters. Clearly, the outputs of Lagrange design and 
Hamming-window based design are also noisy. Table III lists 
the Err  and oSNR  of the three design methods. From these 
results, it is clear that the proposed method is better than two 
conventional methods in this case. 
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Fig.5 The magnitude responses and group delay responses of 
the designed fractional delay filters in example 3. The solid 
line is actual response and dashed line is ideal response. (a)(b) 
The results of Lagrange method. (c)(d) The results of 
Hamming-window based method. (e)(f) The results of the 
proposed method. 
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Fig.6 The output signals )(ny  of the designed fractional 
delay filters in example 3.  (a) The output of Lagrange method. 
(b) The output of Hamming-window based method. (c) The 
output of the proposed method. 
 

TABLE III 
PERFORMANCE COMPARISON OF THREE DESIGN METHODS OF 
FRACTIONAL DELAY FILTERS IN EXAMPLE 3. 
 

Design methods Err SNRo 
Lagrange method 3.6069  1.2089 

Hamming-window method 3.7684 1.0844 
Proposed method 2.3335 3.0925 

 

V. CONCLUSIONS 

In this paper, a new approach to the design of digital FIR 
fractional delay filter with consideration of noise attenuation 
has been presented. The design is based on the maximization 
of SNR at the output of the fractional delay filter under the 
constraint that actual frequency response and ideal response 
have several same derivatives at the prescribed frequency 
point. The optimal filter coefficients are easily obtained from 
the generalized eigenvector associate with maximum 
eigenvalue of a pair of matrices. Numerical examples have 
shown the effectiveness of the proposed method. However, 
only one-dimensional filter is studied here. Thus, it is 
interesting to extend the proposed method to two-dimensional 
filter case. This topic will be investigated in the future. 
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