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Abstract—This paper proposes two recovery algorithms modi-
fied from subspace pursuit(SP) for compressed sensing problems.
These algorithms can reduce the complexity of SP and maintain
high recovery rate. Complexity analysis and simulation results
are provided to demonstrate the improvements. Additionally this
work has implemented the VLSI circuit APR of the proposed
algorithm using TSMC 90 nm process. The target clock frequency
is 100MHz, and the corresponding APR dimension is 11.69mm>.
Based on the post-layout simulation the average power consump-
tion is 431 mW.

I. INTRODUCTION

Compressed sensing is a kind of algorithm for sparse
signal processing, and lately it has been feverishly discussed
in image, radar, and other communication systems [1]. The
algorithm states that the signal sampling can be below Nyquist
frequency if the signal is sparse enough. However, the signal
recovery needs more computing efforts. The recovery prob-
lem can be viewed as [p-optimization [2]. Unfortunately, the
lp-optimization problem is NP-hard. To solve the problem,
Cades and Tao found that the [/y-optimization problem can be
transferred to [;-optimization problem as long as the sensing
matrix satisfied Restricted Isometry Property (RIP) and can be
solved by linear programming (LP) technique [3]. However,
the complexity of the procedure which obtains LP solution is
still too high. The physical implementation of the recovery
becomes impractical due to the cost.

To overcome the problem, several LP-based recovery tech-
niques were proposed as alternatives. Orthogonal matching
pursuit (OMP) [4] which is iterative greedy algorithm becomes
popular for solving CS problem. The prerequisite of using
OMP was defined in [5]. These algorithms are favored because
of low complexity and simple geometric interpretation. There-
fore the hardware implementation becomes feasible when
these algorithms are applied.

Subspace pursuit (SP) algorithm [6] greatly improves the
recovery rate and its complexity is comparable to that of OMP
and much lower than that of LP. However, when it comes to
hardware implementation, the complexity is still unacceptable.
On the other hand gradient pursuit (GP) [7] uses simpler
method but the results are coarse. In this work we propose
two recovery algorithms to reduce the complexity, namely
gradient subspace pursuit (GSP) and modified subspace pursuit
(MSP). GSP works well for zero-one signals while MSP is for
Gaussian-distributed signals.

The following notations shall run through the contents: the
dimensions of the original signal x and the received signal y
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Fig. 1. Block diagram of a random demodulator.

are NV x 1 and M x 1 respectively. K denotes the sparsity of x.
® is the M x N sensing matrix. In recovery calculation, r is
an M x 1 vector and represents the residual at each iteration. 2
is the selected index set, which contains the indices obtained
by the recovery algorithm at each iteration. The symbol ®¢
denotes the sub-matrix indexed by 2, and the superscript
represents the result at the specified iteration. For example, if
Q equals to {1,3,6}, ®q is a matrix combined with the first,
the third and the sixth columns in ®, and r"™ is the residual at
the n iteration. Inner product is symbolized by angle brackets
e.g. <x , y> = x'y. Pseudo inverse is written as ®% i.e.
o = (dHP)" 1@,

II. SYSTEM MODEL

Random demodulator (RD) was proposed for sub-Nyquist
sampling to compress x into y [8], and the structure is
as shown in Fig. 1. RD demodulates the input signal by
multiplying a random sequence. The demodulated signal is
passed to a low-pass filter, and output signal is acquired
by relatively low sampling rate. The sensing matrix satisfies
the property of RIP and consists the matrixes H, D, and
F~!, where H represents a low-pass filter and sampling, D
represents the random sequence, and F is the discrete fourier
transform matrix. Random demodulator can be mathematically
expressed as a diagonal matrix D

aiq 0 . 0
0 as e 0
D =
0 0 e anN
where a1, ag, ... , ay are {+1, —1} random values. The effects

of the low-pass filter and the low-rate sampler shape the M x N



Recovery rate comparison using OMP with random / Hadamard matrices.
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Fig. 2. Recovery rate of OMP caused by random matrix and Hadamard matrix
which N = 256 and M = 128.

matrix H. Assuming N/M = 2, H becomes

1100 0 0
0 011 0 0
H=] . . .
0000 ... 11
The whole process is equivalent to
y = HDs. (1)

The sparsity of the signal is characterized in frequency domain
to be consistent to the CS model. Assuming x is the frequency
domain representation of s, then

x = Fs, )

where F is an N x NN discrete Fourier transform matrix. As a
result, (1) is rewritten as

y = HDF 'x = &x, (3)

where HDF ! can be regarded as & in the CS structure and
the matrix satisfies the RIP such that the system can recover
x from y. Fig. 2 shows the recovery rate caused by random
matrix and Hadamard matrix, where ¢ is the index of the
selected rows in Hadamard matrix. For instance, if ¢ = 5,
the columns with indices {5, 10, ..., 5M} are selected and
wrapped as the measurement matrix. Observe that the OMP
recovery rate is low when ¢ is a multiple of 2, but the recovery
rate is better than that of random matrix when ¢ is not a
multiple of 2.

III. DETERMINATION OF RANDOM SEQUENCE

The recovery rate is affected by the recovery algorithm
and the sensing matrix. Different sensing matrixes lead to
different recovery performance. The correlation among the
columns within the sensing matrix should be low such that
the corresponding signals can be mutually independent. The
indices which indicate the location of the sparse signal are
generated through the summation of the inner product Ds. If
the correlation of the two columns in the sensing matrix is
high, the summations shall be alike. As a result, it is difficult
to identify which column contributes more.
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Fig. 3. The recovery rate evaluated by the screened random sequence and
arbitrary random sequence which N=64 and M=32.

Reducing the correlation of the column pair in the sensing
matrix improves the recovery rate. Observing the elements
in the sensing matrix ® = HDF ', where F~! is a fixed
matrix, and H is also a fixed matrix if the size M and N
are decided. D is the random sequence, which is the only
configurable element in the sensing matrix. The challenge of
reducing the correlation is now reduced to finding appropriate
random sequence.

The diagonal matrix D is generated by randomizing the
diagonal elements with +1 and -1. Applying the max-min
method as shown in Algorithm 1, the column-wise low corre-
lation D is applied for the following CS computation. During
the simulation L=10000 random sequences were tested to find
the desired D. Afterwards the column-wise low correlation ®
can provide better recovery rate. Fig. 3 shows that the recovery
rate evaluated by the screened random sequence and arbitrary
random sequence.

Algorithm 1 Max-min algorithm for random sequence selec-
tion.
Input: L random sequences
Output: D,,: the random matrix with minimal correlation.
1) Initialization:
Generate ®,, @, ... , &1 from L random sequences,
which ®; = [v, v, ..., v§] is column vector set.
2) Correlation Calculation
Ck = max \(vf)HUﬂ,
where k € {1,--- L} and i,j € {1,--- , N}
3) Choose the best sequence
Dy = argmin Cy, where k € {1,--- N}
k

IV. PROPOSED ALGORITHMS

Subspace pursuit algorithm provides high recovery rate, but
its complexity is too high to be implemented into hardware.



We propose two modified algorithms: gradient subspace pur-
suit(GSP) and modified subspace pursuit (MSP) to minimize
the complexity as follows:

A. Gradient Subspace Pursuit

SP algorithm provides 2K indices to obtain better location
information at the cost of complex M x 2K pseudo inverse
matrix computing. However, only K indices which correspond
to the elements with the largest magnitude are used. GP
algorithm uses vector orientation for updating and does not
use matrix inversion. Although the result is rough but the
complexity is greatly reduced. Since the precision of the
recovered magnitudes can be refined during the iteration in
SP, the initial estimation needs not to be precise. Therefore,
we proposed to combine the features in SP and GP to have a
good balance. The combined gradient subspace pursuit (GSP)
algorithm is detailed in Algorithm 2. Fig. 4 shows the flow of
GSP and the simulation results are as shown in Fig. 5 and 6.

Algorithm 2 Gradient Subspace Pursuit
Input: K, &,y
Output: x with x(n) = x° for n € Q¢ and x(n) = 0 otherwise.
1) Initialization:
Q0 = {Indices of K max| <y, ® >|}.
The residual r° =y — @0 'I%Oy.
Set the counter ¢ = 1.
2) Identifyl:
Q° = Q¢ 1U{Indices of K max| < r°~!, & >|}.
3) Estimatel:
Initializing Qf,,., = 0, p
for w =1 to 2K do
Qemp = Q;‘é;lp U {Index of max | < p¥~!, & >|}.
Update the orientation doy =~ = ®f. p“ .

temp

O=rc=landv=0

2" = ®qp  dop .
av =<p“tz¥ > /| 2" 3.
v =v¥ I +a%dgy ~and p¥ =pYT —a¥z",
tC — -V-U)
end for

4) Identify2: Q2¢ = {Indices of K maxt}.
5) Estimate 2 and iterate :
X% = <I>}Llcy, r‘=y—®qg.x.andc=c+1
Repeat (2)-(5) until || r¢ [|>]] ¢~ ||a.

From the simulation results, if the signal is zero-one signal,
the recovery rate of the proposed GSP is almost the same as
that of SP. That is because the errors caused by the coarse
estimation in Estimation 1 only slightly affect the zero-one
signal, and the number of the estimated signal is still correct.
Therefore the recovery rate of the proposed GSP does not
degrade.

When the signal is Gaussian-distributed signal, the recovery
rate of GSP degrades as shown in Fig. 6. The degradation is
caused by the Estimation 1 in GSP. Gaussian-distributed signal
is likely to have the extremely small magnitude, and the small
signal may cause errors during Estimation 1 in GSP, such that

Obtain 2K GP Obtain K Estimate 2
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inner product inner product residual

Fig. 4. The simple flow of GSP.
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Fig. 5. The recovery rate of SP and GSP using zero-one signals. N=256,
M=128. The slight difference between the recovery rate is due to different
random seeds of input signals.

the number the recovered signal can be wrong. When the size
is incorrect, the recovery fails.

B. Modified Subspace Pursuit

We propose a low complexity algorithm which performs
well for Gaussian-distributed signals. Unlike GSP, exact esti-
mation in Estimation 1 is preserved. Hence the pseudo-inverse
matrix is inevitable. To practically implement the hardware,
the pseudo matrix inversion needs to be re-formulated.

The matrix inversion lemma is as shown in (4). The compu-
tation of (C—VA ~'U)~! can be complicated if the dimension
is large, and it is essential for acquiring other members in the
matrix. Since inversion of 2 X 2 matrix is simple, two columns
in the sensing matrix are selected at each iteration in the
process of SP algorithm. After K columns are processed, the
columns are updated as they are in SP algorithm. The differ-
ence between SP and our proposed MSP is that SP chooses K
indices with relatively big magnitude from 2K indices, but the
MSP chooses K indices with relatively large magnitude from
K+2 indices. Fig. 7 shows the flow of proposed MSP and the
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Fig. 6. The recovery rate of SP and GSP using Gaussian-distributed signals.
N=256, M=128.
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Fig. 8. The recovery rate of SP and proposed modified SP for zero-one signals.
N=256, M=128.

algorithm is detailed in Algorithm 3. Though the modification
might slow down the speed of convergence comparing to SP
algorithm, the recovery rate is slightly better than that of SP
for Gaussian-distributed signals as shown in Fig. 9. Moreover,
the complexity is much lower than that of SP algorithm.

Algorithm 3 Modified Subspace Pursuit
Input: K, &,y
Output: x with x(n) = x° for n € Q¢ and x(n) = 0 otherwise.
1) Initialization 1: Q° = () and the residual r° =y
forc=1toc< K do
2) Identify:
Q¢ = Q¢! U {Indices of 2 max | < r*~1 & >|}.
3) Estimate 1: x° = ®_y.
4) Iterate 1: Update the residual: r¢ =y — ®qx°.
end for
5) Initialization 2: p° = r¢, Q0 = Q°.
for w=1to Q¥ =Qv ! do
6) Check Indices :
Q¥ = Qw1 U {Indices of 2 max| < p*~!, & >|}.
7) Estimate 2: t* = <I>}Zwy.
8) Identify 2: QO = {Indices of K maxt™}.
9) Estimate 3: x" = 'I%wy,
10) Iterate 2: r¥ =y — ®qux™.
end for

The proposed modified SP performs better in Gaussian-
distributed signal than in zero-one signal. Additionally the
recovery rate is lower than that of SP in zero-one signals as

V. VLSI IMPLEMENTATION

The proposed MSP algorithm has been implemented into
VLSI circuit using TSMC 90nm process with target clock
rate at 100MHz. The dimension of the APR is 3.421mm x
3.420mm and the gate count is 20300K . Based on the post-
simulation the estimated power consumption is 431mW.

VI. CONCLUSIONS

In this paper, we propose two recovery algorithms, namely
gradient subspace pursuit and modified subspace pursuit. GSP
performs better when the signal is zero-one signal, while MSP
suits to Gaussian-distributed signal. To reduce the hardware
complexity in implementing MSP algorithm, the matrix inver-
sion lemma is applied. All of these methods provide feasible
hardware solutions with comparable recovery rate.
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