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Abstract—The problem of incomplete data is common in signal
processing and machine learning. Tensor completion algorithms
aim to recover the incomplete data from its partially observed en-
tries. In this paper, taking advantages of high compressibility and
flexibility of recently proposed tensor ring (TR) decomposition,
we propose a new tensor completion approach named tensor ring
weighted optimization (TR-WOPT). It finds the latent factors of
the incomplete tensor by gradient descent algorithm, then the
latent factors are employed to predict the missing entries of the
tensor. We conduct various tensor completion experiments on
synthetic data and real-world data. The simulation results show
that TR-WOPT performs well in various high-dimension tensors.
Furthermore, image completion results show that our proposed
algorithm outperforms the state-of-the-art algorithms in many
situations. Especially when the missing rate of the test images
is high (e.g., over 0.9), the performance of our TR-WOPT is
significantly better than the compared algorithms.

I. INTRODUCTION

Tensors are high-dimension representations of vectors and
matrices. Many kinds of data in real-world, for example,
color images (length × width × RGB channels), videos
(length × width × RGB channels × time) and electroen-
cephalography (EEG) signals (magnitude×trails×time) are
more than two dimensions. Usually, the high-dimension data
is first transformed to vector or matrix, only then can the data
be applied to traditional algorithms. In that way, the adjacent
structure information of the original data will be lost, thus
lead to redundant space cost and low-efficiency computation
[20]. Tensor representation can retain the high dimension of
data and solve the above problems. Tensor has been studied for
more than a century, many methodologies have been proposed
[14]. Moreover, tensor has been applied in various research
field such as signal processing [6], machine learning [2], data
completion [1], brain-computer interface (BCI) [16], etc..

CANDECOMP/PARAFAC (CP) decomposition [3] and
Tucker decomposition [22] are the most popular and classic
tensor decomposition models, of which many theories and
applications have been proposed [21]. In recent years, a new
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theory system named tensor network has drawn people’s atten-
tion and becomes a promising aspect of tensor methodology
[5], [7]. One of the most representative tensor decomposition
models of tensor network is matrix product state (MPS),
which is also known as tensor train (TT) decomposition [19].
TT decomposition shows high data compression ability and
computational efficiency. One of the most significant features
of TT decomposition is that it can overcome the “curse of
dimensionality”, i.e., for an N -dimension tensor, the number
of parameters of Tucker decomposition is exponential in N ,
while the number of parameters of TT decomposition is linear
in N . Although CP decomposition achieves high compression
ability and the number of parameters is also linear in N ,
finding the optimal latent factors of CP decomposition is very
difficult. Recently, a new tensor decomposition model named
tensor ring (TR) decomposition which is more generalized
than TT decomposition has been proposed [27]. Tensor ring
owns all the dominant properties TT has and it has a more
flexible model constraint than tensor train. TR relaxes the rank
constraint of TT, thus lead to more interesting properties, e.g.,
enhanced compression ability, interpretability of latent factors
and rotational invariance ability of latent factors [25]. Several
papers have studied and applied TR decomposition in machine
learning fields [23], [4], in which TR shows promising aspects
in representation ability and computational efficiency.

Tensor completion is to recover an incomplete tensor from
the partially observed entries of the tensor, which has been
applied in various completion problems such as image/video
completion [15], [28], compressed sensing [10], link prediction
[18], recommendation system [13], etc.. The theoretical key
point of matrix completion and tensor completion is the
low-rank assumption of data. There exists strong theoretical
support and various solutions for solving the low-rank problem
of matrices, and the most studied convex relaxation of low-
rank matrix is nuclear norm [12]. However, determining the
rank of a tensor is an NP-hard problem [11]. To solve this
problem, there are mainly two types of tensor completion
methods, “rank minimization based” approach and “tensor
decomposition based” approach [17]. The first approach for-
mulates the convex surrogate models of low-rank tensors. The
most representative model of this kind of tensor completion
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approach employs low-rank constraints on the matricization of
every mode of the incomplete tensor [15]. For an N -dimension
incomplete tensor T , the low-rank tensor completion model
is formulated by:

min
X

∑N

n=1
‖X(n)‖∗, s.t. PΩ(X ) = PΩ(T ), (1)

where X is the low-rank approximation tensor, ‖ · ‖∗ is the
nuclear norm, and PΩ(T ) denotes the entries w.r.t. the set
of indices of observed entries represented by Ω. The missing
entries of T is approximated by X and the rank of the
completed tensor X is determined automatically. Different
from “rank minimization based” approach, the “tensor de-
composition based” approach do not find the low-rank tensor
directly, instead, it firstly finds the tensor decomposition of
the incomplete data by observed entries, then the latent factors
are used to predict the missing entries. This kind of approach
sets the rank of tensor decomposition manually, and the
optimization model is given below:

min
{G(n)}Nn=1

‖W ∗ (T −X ({G(n)}Nn=1)‖2F , (2)

where ‖·‖F is the Frobenius norm, {G(n)}Nn=1 is the sequence
of latent factors under consideration and X ({G(n)}Nn=1) is
the tensor approximated by the latent factors. W is a weight
tensor which is the same size as the incomplete tensor, and
every entry of W meets:

wi1i2···iN =

{
0 if yi1i2···iN is a missing entry,
1 if yi1i2···iN is an observed entry.

(3)

More explanations of notations can be found in Section
II.A. Based on different tensor decomposition models, various
“tensor decomposition based” approaches have been proposed,
e.g., CP weighted optimization [1], weighted tucker [9] and
TT weighted optimization [24]. All the methods aim to find
the specific structure of the incomplete data by different kinds
of tensor decompositions. However, CP, Tucker and TT based
WOPT algorithms apply tensor decomposition models which
lack of flexibility, this may lead to bad convergence when
considering different kinds of data. TR decomposition model
is much more flexible, so TR-based WOPT method can get a
better approximation of incomplete data, thus provide better
completion results.

In this paper, we propose a novel tensor completion method
which shows good performance in various experimental situ-
ations. The main works of this paper are listed below:
• Based on the recently proposed TR decomposition, we

propose a new tensor completion algorithm named tensor
ring weighted optimization (TR-WOPT).

• The TR latent factors are optimized by gradient descent
method and then they are used to predict the missing
entries of the incomplete tensor.

• We conduct several simulation experiments and real-
world data experiments. The experiment results show
that our method outperforms the state-of-the-art tensor
completion algorithms in various situations. We also find
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Figure 1: The effects of noise corrupted tensor cores. From left to right, each figure shows noise
corruption by adding noise to one specific tensor core.
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Figure 2: A graphical representation of tensor ring decomposition.

limited representation ability and flexibility; ii) TT-ranks are bounded by the rank of k-unfolding
matricization, which might not be optimal; iii) the permutation of data tensor will yield an inconsistent
solution, i.e., TT representations and TT-ranks are sensitive to the order of tensor dimensions. Hence,
finding the optimal permutation remains a challenging problem.

In this paper, we introduce a new structure of tensor networks, which can be considered as a
generalization of TT representations. First of all, we relax the condition over TT-ranks, i.e., r1 =
rd+1 = 1, leading to an enhanced representation ability. Secondly, the strict ordering of multilinear
products between cores should be alleviated. Third, the cores should be treated equivalently by
making the model symmetric. To this end, we add a new connection between the first and the last
core tensors, yielding a circular tensor products of a set of cores (see Fig. 2). More specifically, we
consider that each tensor element is approximated by performing a trace operation over the sequential
multilinear products of cores. Since the trace operation ensures a scalar output, r1 = rd+1 = 1 is
not necessary. In addition, the cores can be circularly shifted and treated equivalently due to the
properties of the trace operation. We call this model tensor ring (TR) decomposition and its cores
tensor ring (TR) representations. To learn TR representations, we firstly develop a non-iterative
TR-SVD algorithm that is similar to TT-SVD algorithm (Oseledets, 2011). To find the optimal lower
TR-ranks, a block-wise ALS algorithms is presented. Finally, we also propose a scalable algorithm
by using stochastic gradient descend, which can be applied to handling large-scale datasets.

Another interesting contribution is that we show the intrinsic structure or high order correlations
within a 2D image can be captured more efficiently than SVD by converting 2D matrix to a higher
order tensor. For example, given an image of size I ⇥ J , we can apply an appropriate tensorization
operation (see details in Sec. 5.2) to obtain a fourth order tensor, of which each mode controls one
specific scale of resolution. To demonstrate this, Fig. 1 shows the effects caused by noise corruption
of specific tensor cores. As we can see, the first mode corresponds to the small-scale patches, while
the 4th-mode corresponds to the large-scale partitions. We have shown in Sec. 5.2 that TR model can
represent the image more efficiently than the standard SVD.

2 TENSOR RING DECOMPOSITION

The TR decomposition aims to represent a high-order (or multi-dimensional) tensor by a sequence
of 3rd-order tensors that are multiplied circularly. Specifically, let T be a dth-order tensor of size
n1⇥n2⇥ · · ·⇥nd, denoted by T 2 Rn1⇥···⇥nd , TR representation is to decompose it into a sequence
of latent tensors Zk 2 Rrk⇥nk⇥rk+1 , k = 1, 2, . . . , d, which can be expressed in an element-wise
form given by

T (i1, i2, . . . , id) = Tr {Z1(i1)Z2(i2) · · ·Zd(id)} = Tr

(
dY

k=1

Zk(ik)

)
. (1)
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IN<latexit sha1_base64="QVYs27g/9a4Jbga5Q6E5OIMBGPE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lF0N4KXvQiFY0ttKFstpN26WYTdjdCCf0JXjyoePUfefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8fPOo4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsYXU391hMqzWP5YMYJ+hEdSB5yRo2V7m96t71yxa26M5BlUstJBXI0e+Wvbj9maYTSMEG17tTcxPgZVYYzgZNSN9WYUDaiA+xYKmmE2s9mp07IiVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGln3GZpAYlmy8KU0FMTKZ/kz5XyIwYW0KZ4vZWwoZUUWZsOiUbQm3x5WXinVXrVffuvNKo52kU4QiO4RRqcAENuIYmeMBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wda2o1Y</latexit><latexit sha1_base64="QVYs27g/9a4Jbga5Q6E5OIMBGPE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lF0N4KXvQiFY0ttKFstpN26WYTdjdCCf0JXjyoePUfefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8fPOo4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsYXU391hMqzWP5YMYJ+hEdSB5yRo2V7m96t71yxa26M5BlUstJBXI0e+Wvbj9maYTSMEG17tTcxPgZVYYzgZNSN9WYUDaiA+xYKmmE2s9mp07IiVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGln3GZpAYlmy8KU0FMTKZ/kz5XyIwYW0KZ4vZWwoZUUWZsOiUbQm3x5WXinVXrVffuvNKo52kU4QiO4RRqcAENuIYmeMBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wda2o1Y</latexit><latexit sha1_base64="QVYs27g/9a4Jbga5Q6E5OIMBGPE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lF0N4KXvQiFY0ttKFstpN26WYTdjdCCf0JXjyoePUfefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8fPOo4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsYXU391hMqzWP5YMYJ+hEdSB5yRo2V7m96t71yxa26M5BlUstJBXI0e+Wvbj9maYTSMEG17tTcxPgZVYYzgZNSN9WYUDaiA+xYKmmE2s9mp07IiVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGln3GZpAYlmy8KU0FMTKZ/kz5XyIwYW0KZ4vZWwoZUUWZsOiUbQm3x5WXinVXrVffuvNKo52kU4QiO4RRqcAENuIYmeMBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wda2o1Y</latexit>

In
<latexit sha1_base64="Vz3oijCeKvUFwa+Eml0ScRB70i8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi94qGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4qJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0PfVbT6g0T+SDGacYxHQgecQZNVa6v+3JXqXq1twZyDLxClKFAs1e5avbT1gWozRMUK07npuaIKfKcCZwUu5mGlPKRnSAHUsljVEH+ezUCTm1Sp9EibIlDZmpvydyGms9jkPbGVMz1IveVPzP62QmugpyLtPMoGTzRVEmiEnI9G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwFl9eJv55rV5z7y6qjXqRRgmO4QTOwINLaMANNMEHBgN4hld4c4Tz4rw7H/PWFaeYOYI/cD5/AIs6jXg=</latexit><latexit sha1_base64="Vz3oijCeKvUFwa+Eml0ScRB70i8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi94qGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4qJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0PfVbT6g0T+SDGacYxHQgecQZNVa6v+3JXqXq1twZyDLxClKFAs1e5avbT1gWozRMUK07npuaIKfKcCZwUu5mGlPKRnSAHUsljVEH+ezUCTm1Sp9EibIlDZmpvydyGms9jkPbGVMz1IveVPzP62QmugpyLtPMoGTzRVEmiEnI9G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwFl9eJv55rV5z7y6qjXqRRgmO4QTOwINLaMANNMEHBgN4hld4c4Tz4rw7H/PWFaeYOYI/cD5/AIs6jXg=</latexit><latexit sha1_base64="Vz3oijCeKvUFwa+Eml0ScRB70i8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi94qGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4qJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0PfVbT6g0T+SDGacYxHQgecQZNVa6v+3JXqXq1twZyDLxClKFAs1e5avbT1gWozRMUK07npuaIKfKcCZwUu5mGlPKRnSAHUsljVEH+ezUCTm1Sp9EibIlDZmpvydyGms9jkPbGVMz1IveVPzP62QmugpyLtPMoGTzRVEmiEnI9G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwFl9eJv55rV5z7y6qjXqRRgmO4QTOwINLaMANNMEHBgN4hld4c4Tz4rw7H/PWFaeYOYI/cD5/AIs6jXg=</latexit>

In
<latexit sha1_base64="Vz3oijCeKvUFwa+Eml0ScRB70i8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi94qGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4qJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0PfVbT6g0T+SDGacYxHQgecQZNVa6v+3JXqXq1twZyDLxClKFAs1e5avbT1gWozRMUK07npuaIKfKcCZwUu5mGlPKRnSAHUsljVEH+ezUCTm1Sp9EibIlDZmpvydyGms9jkPbGVMz1IveVPzP62QmugpyLtPMoGTzRVEmiEnI9G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwFl9eJv55rV5z7y6qjXqRRgmO4QTOwINLaMANNMEHBgN4hld4c4Tz4rw7H/PWFaeYOYI/cD5/AIs6jXg=</latexit><latexit sha1_base64="Vz3oijCeKvUFwa+Eml0ScRB70i8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi94qGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4qJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0PfVbT6g0T+SDGacYxHQgecQZNVa6v+3JXqXq1twZyDLxClKFAs1e5avbT1gWozRMUK07npuaIKfKcCZwUu5mGlPKRnSAHUsljVEH+ezUCTm1Sp9EibIlDZmpvydyGms9jkPbGVMz1IveVPzP62QmugpyLtPMoGTzRVEmiEnI9G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwFl9eJv55rV5z7y6qjXqRRgmO4QTOwINLaMANNMEHBgN4hld4c4Tz4rw7H/PWFaeYOYI/cD5/AIs6jXg=</latexit><latexit sha1_base64="Vz3oijCeKvUFwa+Eml0ScRB70i8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi94qGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzdJWeXtnd2+/cnD4qJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0PfVbT6g0T+SDGacYxHQgecQZNVa6v+3JXqXq1twZyDLxClKFAs1e5avbT1gWozRMUK07npuaIKfKcCZwUu5mGlPKRnSAHUsljVEH+ezUCTm1Sp9EibIlDZmpvydyGms9jkPbGVMz1IveVPzP62QmugpyLtPMoGTzRVEmiEnI9G/S5wqZEWNLKFPc3krYkCrKjE2nbEPwFl9eJv55rV5z7y6qjXqRRgmO4QTOwINLaMANNMEHBgN4hld4c4Tz4rw7H/PWFaeYOYI/cD5/AIs6jXg=</latexit>

· · ·<latexit sha1_base64="71MNtDplGt4aEzD9uEEQp2QnnHY=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lVQE7a3gxWMFYwttKJvNpl262Q27E6GE/ggvHlS8+n+8+W/ctDlo64OBx3szzMwLU8ENet63s7a+sbm1Xdmp7u7tHxzWjo4fjco0ZT5VQuleSAwTXDIfOQrWSzUjSShYN5zcFn73iWnDlXzAacqChIwkjzklaKXugEYKTXVYq3sNbw53lTRLUocSnWHtaxApmiVMIhXEmH7TSzHIiUZOBZtVB5lhKaETMmJ9SyVJmAny+bkz99wqkRsrbUuiO1d/T+QkMWaahLYzITg2y14h/uf1M4xvgpzLNEMm6WJRnAkXlVv87kZcM4piagmhmttbXTommlC0CRUhNJdfXiX+ZaPV8O6v6u1WmUYFTuEMLqAJ19CGO+iADxQm8Ayv8Oakzovz7nwsWteccuYE/sD5/AFONI8N</latexit><latexit sha1_base64="71MNtDplGt4aEzD9uEEQp2QnnHY=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lVQE7a3gxWMFYwttKJvNpl262Q27E6GE/ggvHlS8+n+8+W/ctDlo64OBx3szzMwLU8ENet63s7a+sbm1Xdmp7u7tHxzWjo4fjco0ZT5VQuleSAwTXDIfOQrWSzUjSShYN5zcFn73iWnDlXzAacqChIwkjzklaKXugEYKTXVYq3sNbw53lTRLUocSnWHtaxApmiVMIhXEmH7TSzHIiUZOBZtVB5lhKaETMmJ9SyVJmAny+bkz99wqkRsrbUuiO1d/T+QkMWaahLYzITg2y14h/uf1M4xvgpzLNEMm6WJRnAkXlVv87kZcM4piagmhmttbXTommlC0CRUhNJdfXiX+ZaPV8O6v6u1WmUYFTuEMLqAJ19CGO+iADxQm8Ayv8Oakzovz7nwsWteccuYE/sD5/AFONI8N</latexit><latexit sha1_base64="71MNtDplGt4aEzD9uEEQp2QnnHY=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lVQE7a3gxWMFYwttKJvNpl262Q27E6GE/ggvHlS8+n+8+W/ctDlo64OBx3szzMwLU8ENet63s7a+sbm1Xdmp7u7tHxzWjo4fjco0ZT5VQuleSAwTXDIfOQrWSzUjSShYN5zcFn73iWnDlXzAacqChIwkjzklaKXugEYKTXVYq3sNbw53lTRLUocSnWHtaxApmiVMIhXEmH7TSzHIiUZOBZtVB5lhKaETMmJ9SyVJmAny+bkz99wqkRsrbUuiO1d/T+QkMWaahLYzITg2y14h/uf1M4xvgpzLNEMm6WJRnAkXlVv87kZcM4piagmhmttbXTommlC0CRUhNJdfXiX+ZaPV8O6v6u1WmUYFTuEMLqAJ19CGO+iADxQm8Ayv8Oakzovz7nwsWteccuYE/sD5/AFONI8N</latexit>

· · ·<latexit sha1_base64="71MNtDplGt4aEzD9uEEQp2QnnHY=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lVQE7a3gxWMFYwttKJvNpl262Q27E6GE/ggvHlS8+n+8+W/ctDlo64OBx3szzMwLU8ENet63s7a+sbm1Xdmp7u7tHxzWjo4fjco0ZT5VQuleSAwTXDIfOQrWSzUjSShYN5zcFn73iWnDlXzAacqChIwkjzklaKXugEYKTXVYq3sNbw53lTRLUocSnWHtaxApmiVMIhXEmH7TSzHIiUZOBZtVB5lhKaETMmJ9SyVJmAny+bkz99wqkRsrbUuiO1d/T+QkMWaahLYzITg2y14h/uf1M4xvgpzLNEMm6WJRnAkXlVv87kZcM4piagmhmttbXTommlC0CRUhNJdfXiX+ZaPV8O6v6u1WmUYFTuEMLqAJ19CGO+iADxQm8Ayv8Oakzovz7nwsWteccuYE/sD5/AFONI8N</latexit><latexit sha1_base64="71MNtDplGt4aEzD9uEEQp2QnnHY=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lVQE7a3gxWMFYwttKJvNpl262Q27E6GE/ggvHlS8+n+8+W/ctDlo64OBx3szzMwLU8ENet63s7a+sbm1Xdmp7u7tHxzWjo4fjco0ZT5VQuleSAwTXDIfOQrWSzUjSShYN5zcFn73iWnDlXzAacqChIwkjzklaKXugEYKTXVYq3sNbw53lTRLUocSnWHtaxApmiVMIhXEmH7TSzHIiUZOBZtVB5lhKaETMmJ9SyVJmAny+bkz99wqkRsrbUuiO1d/T+QkMWaahLYzITg2y14h/uf1M4xvgpzLNEMm6WJRnAkXlVv87kZcM4piagmhmttbXTommlC0CRUhNJdfXiX+ZaPV8O6v6u1WmUYFTuEMLqAJ19CGO+iADxQm8Ayv8Oakzovz7nwsWteccuYE/sD5/AFONI8N</latexit><latexit sha1_base64="71MNtDplGt4aEzD9uEEQp2QnnHY=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lVQE7a3gxWMFYwttKJvNpl262Q27E6GE/ggvHlS8+n+8+W/ctDlo64OBx3szzMwLU8ENet63s7a+sbm1Xdmp7u7tHxzWjo4fjco0ZT5VQuleSAwTXDIfOQrWSzUjSShYN5zcFn73iWnDlXzAacqChIwkjzklaKXugEYKTXVYq3sNbw53lTRLUocSnWHtaxApmiVMIhXEmH7TSzHIiUZOBZtVB5lhKaETMmJ9SyVJmAny+bkz99wqkRsrbUuiO1d/T+QkMWaahLYzITg2y14h/uf1M4xvgpzLNEMm6WJRnAkXlVv87kZcM4piagmhmttbXTommlC0CRUhNJdfXiX+ZaPV8O6v6u1WmUYFTuEMLqAJ19CGO+iADxQm8Ayv8Oakzovz7nwsWteccuYE/sD5/AFONI8N</latexit>

· · ·<latexit sha1_base64="71MNtDplGt4aEzD9uEEQp2QnnHY=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lVQE7a3gxWMFYwttKJvNpl262Q27E6GE/ggvHlS8+n+8+W/ctDlo64OBx3szzMwLU8ENet63s7a+sbm1Xdmp7u7tHxzWjo4fjco0ZT5VQuleSAwTXDIfOQrWSzUjSShYN5zcFn73iWnDlXzAacqChIwkjzklaKXugEYKTXVYq3sNbw53lTRLUocSnWHtaxApmiVMIhXEmH7TSzHIiUZOBZtVB5lhKaETMmJ9SyVJmAny+bkz99wqkRsrbUuiO1d/T+QkMWaahLYzITg2y14h/uf1M4xvgpzLNEMm6WJRnAkXlVv87kZcM4piagmhmttbXTommlC0CRUhNJdfXiX+ZaPV8O6v6u1WmUYFTuEMLqAJ19CGO+iADxQm8Ayv8Oakzovz7nwsWteccuYE/sD5/AFONI8N</latexit><latexit sha1_base64="71MNtDplGt4aEzD9uEEQp2QnnHY=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lVQE7a3gxWMFYwttKJvNpl262Q27E6GE/ggvHlS8+n+8+W/ctDlo64OBx3szzMwLU8ENet63s7a+sbm1Xdmp7u7tHxzWjo4fjco0ZT5VQuleSAwTXDIfOQrWSzUjSShYN5zcFn73iWnDlXzAacqChIwkjzklaKXugEYKTXVYq3sNbw53lTRLUocSnWHtaxApmiVMIhXEmH7TSzHIiUZOBZtVB5lhKaETMmJ9SyVJmAny+bkz99wqkRsrbUuiO1d/T+QkMWaahLYzITg2y14h/uf1M4xvgpzLNEMm6WJRnAkXlVv87kZcM4piagmhmttbXTommlC0CRUhNJdfXiX+ZaPV8O6v6u1WmUYFTuEMLqAJ19CGO+iADxQm8Ayv8Oakzovz7nwsWteccuYE/sD5/AFONI8N</latexit><latexit sha1_base64="71MNtDplGt4aEzD9uEEQp2QnnHY=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lVQE7a3gxWMFYwttKJvNpl262Q27E6GE/ggvHlS8+n+8+W/ctDlo64OBx3szzMwLU8ENet63s7a+sbm1Xdmp7u7tHxzWjo4fjco0ZT5VQuleSAwTXDIfOQrWSzUjSShYN5zcFn73iWnDlXzAacqChIwkjzklaKXugEYKTXVYq3sNbw53lTRLUocSnWHtaxApmiVMIhXEmH7TSzHIiUZOBZtVB5lhKaETMmJ9SyVJmAny+bkz99wqkRsrbUuiO1d/T+QkMWaahLYzITg2y14h/uf1M4xvgpzLNEMm6WJRnAkXlVv87kZcM4piagmhmttbXTommlC0CRUhNJdfXiX+ZaPV8O6v6u1WmUYFTuEMLqAJ19CGO+iADxQm8Ayv8Oakzovz7nwsWteccuYE/sD5/AFONI8N</latexit>

· · ·<latexit sha1_base64="71MNtDplGt4aEzD9uEEQp2QnnHY=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lVQE7a3gxWMFYwttKJvNpl262Q27E6GE/ggvHlS8+n+8+W/ctDlo64OBx3szzMwLU8ENet63s7a+sbm1Xdmp7u7tHxzWjo4fjco0ZT5VQuleSAwTXDIfOQrWSzUjSShYN5zcFn73iWnDlXzAacqChIwkjzklaKXugEYKTXVYq3sNbw53lTRLUocSnWHtaxApmiVMIhXEmH7TSzHIiUZOBZtVB5lhKaETMmJ9SyVJmAny+bkz99wqkRsrbUuiO1d/T+QkMWaahLYzITg2y14h/uf1M4xvgpzLNEMm6WJRnAkXlVv87kZcM4piagmhmttbXTommlC0CRUhNJdfXiX+ZaPV8O6v6u1WmUYFTuEMLqAJ19CGO+iADxQm8Ayv8Oakzovz7nwsWteccuYE/sD5/AFONI8N</latexit><latexit sha1_base64="71MNtDplGt4aEzD9uEEQp2QnnHY=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lVQE7a3gxWMFYwttKJvNpl262Q27E6GE/ggvHlS8+n+8+W/ctDlo64OBx3szzMwLU8ENet63s7a+sbm1Xdmp7u7tHxzWjo4fjco0ZT5VQuleSAwTXDIfOQrWSzUjSShYN5zcFn73iWnDlXzAacqChIwkjzklaKXugEYKTXVYq3sNbw53lTRLUocSnWHtaxApmiVMIhXEmH7TSzHIiUZOBZtVB5lhKaETMmJ9SyVJmAny+bkz99wqkRsrbUuiO1d/T+QkMWaahLYzITg2y14h/uf1M4xvgpzLNEMm6WJRnAkXlVv87kZcM4piagmhmttbXTommlC0CRUhNJdfXiX+ZaPV8O6v6u1WmUYFTuEMLqAJ19CGO+iADxQm8Ayv8Oakzovz7nwsWteccuYE/sD5/AFONI8N</latexit><latexit sha1_base64="71MNtDplGt4aEzD9uEEQp2QnnHY=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lVQE7a3gxWMFYwttKJvNpl262Q27E6GE/ggvHlS8+n+8+W/ctDlo64OBx3szzMwLU8ENet63s7a+sbm1Xdmp7u7tHxzWjo4fjco0ZT5VQuleSAwTXDIfOQrWSzUjSShYN5zcFn73iWnDlXzAacqChIwkjzklaKXugEYKTXVYq3sNbw53lTRLUocSnWHtaxApmiVMIhXEmH7TSzHIiUZOBZtVB5lhKaETMmJ9SyVJmAny+bkz99wqkRsrbUuiO1d/T+QkMWaahLYzITg2y14h/uf1M4xvgpzLNEMm6WJRnAkXlVv87kZcM4piagmhmttbXTommlC0CRUhNJdfXiX+ZaPV8O6v6u1WmUYFTuEMLqAJ19CGO+iADxQm8Ayv8Oakzovz7nwsWteccuYE/sD5/AFONI8N</latexit>

· · ·<latexit sha1_base64="F9nsRaTe7ujR44aLdk07GVFawH8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqaQiqBcpePFYwdhCG8pms2mXbnbD7kQooT/CiwcVr/4fb/4bN20OWn0w8Hhvhpl5YSq4Qc/7ciorq2vrG9XN2tb2zu5eff/gwahMU+ZTJZTuhcQwwSXzkaNgvVQzkoSCdcPJTeF3H5k2XMl7nKYsSMhI8phTglbqDmik0NSG9YbX9OZw/5JWSRpQojOsfw4iRbOESaSCGNNveSkGOdHIqWCz2iAzLCV0Qkasb6kkCTNBPj935p5YJXJjpW1JdOfqz4mcJMZMk9B2JgTHZtkrxP+8fobxZZBzmWbIJF0sijPhonKL392Ia0ZRTC0hVHN7q0vHRBOKNqEihNbyy3+Jf9a8anp35432dZlGFY7gGE6hBRfQhlvogA8UJvAEL/DqpM6z8+a8L1orTjlzCL/gfHwDT7WPEg==</latexit><latexit sha1_base64="F9nsRaTe7ujR44aLdk07GVFawH8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqaQiqBcpePFYwdhCG8pms2mXbnbD7kQooT/CiwcVr/4fb/4bN20OWn0w8Hhvhpl5YSq4Qc/7ciorq2vrG9XN2tb2zu5eff/gwahMU+ZTJZTuhcQwwSXzkaNgvVQzkoSCdcPJTeF3H5k2XMl7nKYsSMhI8phTglbqDmik0NSG9YbX9OZw/5JWSRpQojOsfw4iRbOESaSCGNNveSkGOdHIqWCz2iAzLCV0Qkasb6kkCTNBPj935p5YJXJjpW1JdOfqz4mcJMZMk9B2JgTHZtkrxP+8fobxZZBzmWbIJF0sijPhonKL392Ia0ZRTC0hVHN7q0vHRBOKNqEihNbyy3+Jf9a8anp35432dZlGFY7gGE6hBRfQhlvogA8UJvAEL/DqpM6z8+a8L1orTjlzCL/gfHwDT7WPEg==</latexit><latexit sha1_base64="F9nsRaTe7ujR44aLdk07GVFawH8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqaQiqBcpePFYwdhCG8pms2mXbnbD7kQooT/CiwcVr/4fb/4bN20OWn0w8Hhvhpl5YSq4Qc/7ciorq2vrG9XN2tb2zu5eff/gwahMU+ZTJZTuhcQwwSXzkaNgvVQzkoSCdcPJTeF3H5k2XMl7nKYsSMhI8phTglbqDmik0NSG9YbX9OZw/5JWSRpQojOsfw4iRbOESaSCGNNveSkGOdHIqWCz2iAzLCV0Qkasb6kkCTNBPj935p5YJXJjpW1JdOfqz4mcJMZMk9B2JgTHZtkrxP+8fobxZZBzmWbIJF0sijPhonKL392Ia0ZRTC0hVHN7q0vHRBOKNqEihNbyy3+Jf9a8anp35432dZlGFY7gGE6hBRfQhlvogA8UJvAEL/DqpM6z8+a8L1orTjlzCL/gfHwDT7WPEg==</latexit>

G1
<latexit sha1_base64="Q9q0uwUrDmQOUuRrqNt0XHBqGp4=">AAAB9HicbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnqRggc9VnBtoV1LNs22odlkSbJKWfo/vHhQ8eqP8ea/MdvuQVsHAsPMe7zJhAln2rjut1NaWl5ZXSuvVzY2t7Z3qrt791qmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4usr91iNVmklxZ8YJDWI8ECxiBBsrPXRjbIYE8+x60vMqvWrNrbtToEXiFaQGBZq96le3L0kaU2EIx1p3PDcxQYaVYYTTSaWbappgMsID2rFU4JjqIJumnqAjq/RRJJV9wqCp+nsjw7HW4zi0k3lKPe/l4n9eJzXReZAxkaSGCjI7FKUcGYnyClCfKUoMH1uCiWI2KyJDrDAxtqi8BG/+y4vEP6lf1N3b01rjsmijDAdwCMfgwRk04Aaa4AMBBc/wCm/Ok/PivDsfs9GSU+zswx84nz9IW5Hk</latexit><latexit sha1_base64="Q9q0uwUrDmQOUuRrqNt0XHBqGp4=">AAAB9HicbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnqRggc9VnBtoV1LNs22odlkSbJKWfo/vHhQ8eqP8ea/MdvuQVsHAsPMe7zJhAln2rjut1NaWl5ZXSuvVzY2t7Z3qrt791qmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4usr91iNVmklxZ8YJDWI8ECxiBBsrPXRjbIYE8+x60vMqvWrNrbtToEXiFaQGBZq96le3L0kaU2EIx1p3PDcxQYaVYYTTSaWbappgMsID2rFU4JjqIJumnqAjq/RRJJV9wqCp+nsjw7HW4zi0k3lKPe/l4n9eJzXReZAxkaSGCjI7FKUcGYnyClCfKUoMH1uCiWI2KyJDrDAxtqi8BG/+y4vEP6lf1N3b01rjsmijDAdwCMfgwRk04Aaa4AMBBc/wCm/Ok/PivDsfs9GSU+zswx84nz9IW5Hk</latexit><latexit sha1_base64="Q9q0uwUrDmQOUuRrqNt0XHBqGp4=">AAAB9HicbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnqRggc9VnBtoV1LNs22odlkSbJKWfo/vHhQ8eqP8ea/MdvuQVsHAsPMe7zJhAln2rjut1NaWl5ZXSuvVzY2t7Z3qrt791qmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4usr91iNVmklxZ8YJDWI8ECxiBBsrPXRjbIYE8+x60vMqvWrNrbtToEXiFaQGBZq96le3L0kaU2EIx1p3PDcxQYaVYYTTSaWbappgMsID2rFU4JjqIJumnqAjq/RRJJV9wqCp+nsjw7HW4zi0k3lKPe/l4n9eJzXReZAxkaSGCjI7FKUcGYnyClCfKUoMH1uCiWI2KyJDrDAxtqi8BG/+y4vEP6lf1N3b01rjsmijDAdwCMfgwRk04Aaa4AMBBc/wCm/Ok/PivDsfs9GSU+zswx84nz9IW5Hk</latexit>

G2
<latexit sha1_base64="S/xPvMskHXI1CRHpwRrWy4JlwpQ=">AAAB9HicbVBNSwMxFHzrZ61fVY9egkXwVHaLoF6k4EGPFVxbaNeSTbNtaDZZkqxSlv4PLx5UvPpjvPlvzLZ70NaBwDDzHm8yYcKZNq777Swtr6yurZc2yptb2zu7lb39ey1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSscXeV+65EqzaS4M+OEBjEeCBYxgo2VHroxNkOCeXY96dXLvUrVrblToEXiFaQKBZq9yle3L0kaU2EIx1p3PDcxQYaVYYTTSbmbappgMsID2rFU4JjqIJumnqBjq/RRJJV9wqCp+nsjw7HW4zi0k3lKPe/l4n9eJzXReZAxkaSGCjI7FKUcGYnyClCfKUoMH1uCiWI2KyJDrDAxtqi8BG/+y4vEr9cuau7tabVxWbRRgkM4ghPw4AwacANN8IGAgmd4hTfnyXlx3p2P2eiSU+wcwB84nz9J35Hl</latexit><latexit sha1_base64="S/xPvMskHXI1CRHpwRrWy4JlwpQ=">AAAB9HicbVBNSwMxFHzrZ61fVY9egkXwVHaLoF6k4EGPFVxbaNeSTbNtaDZZkqxSlv4PLx5UvPpjvPlvzLZ70NaBwDDzHm8yYcKZNq777Swtr6yurZc2yptb2zu7lb39ey1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSscXeV+65EqzaS4M+OEBjEeCBYxgo2VHroxNkOCeXY96dXLvUrVrblToEXiFaQKBZq9yle3L0kaU2EIx1p3PDcxQYaVYYTTSbmbappgMsID2rFU4JjqIJumnqBjq/RRJJV9wqCp+nsjw7HW4zi0k3lKPe/l4n9eJzXReZAxkaSGCjI7FKUcGYnyClCfKUoMH1uCiWI2KyJDrDAxtqi8BG/+y4vEr9cuau7tabVxWbRRgkM4ghPw4AwacANN8IGAgmd4hTfnyXlx3p2P2eiSU+wcwB84nz9J35Hl</latexit><latexit sha1_base64="S/xPvMskHXI1CRHpwRrWy4JlwpQ=">AAAB9HicbVBNSwMxFHzrZ61fVY9egkXwVHaLoF6k4EGPFVxbaNeSTbNtaDZZkqxSlv4PLx5UvPpjvPlvzLZ70NaBwDDzHm8yYcKZNq777Swtr6yurZc2yptb2zu7lb39ey1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSscXeV+65EqzaS4M+OEBjEeCBYxgo2VHroxNkOCeXY96dXLvUrVrblToEXiFaQKBZq9yle3L0kaU2EIx1p3PDcxQYaVYYTTSbmbappgMsID2rFU4JjqIJumnqBjq/RRJJV9wqCp+nsjw7HW4zi0k3lKPe/l4n9eJzXReZAxkaSGCjI7FKUcGYnyClCfKUoMH1uCiWI2KyJDrDAxtqi8BG/+y4vEr9cuau7tabVxWbRRgkM4ghPw4AwacANN8IGAgmd4hTfnyXlx3p2P2eiSU+wcwB84nz9J35Hl</latexit>

GN
<latexit sha1_base64="bfZduSSbGibV8GN2/Z8tXR4zjYg=">AAAB9HicbVBNSwMxFHypX7V+VT16CRbBU9kVQb1IwYOepIJrC+1asmm2Dc1mlySrlKX/w4sHFa/+GG/+G7PtHrQ6EBhm3uNNJkgE18ZxvlBpYXFpeaW8Wllb39jcqm7v3Ok4VZR5NBaxagdEM8El8ww3grUTxUgUCNYKRhe533pgSvNY3ppxwvyIDCQPOSXGSvfdiJghJSK7nPSuK71qzak7U+C/xC1IDQo0e9XPbj+macSkoYJo3XGdxPgZUYZTwSaVbqpZQuiIDFjHUkkipv1smnqCD6zSx2Gs7JMGT9WfGxmJtB5HgZ3MU+p5Lxf/8zqpCU/9jMskNUzS2aEwFdjEOK8A97li1IixJYQqbrNiOiSKUGOLyktw57/8l3hH9bO6c3Nca5wXbZRhD/bhEFw4gQZcQRM8oKDgCV7gFT2iZ/SG3mejJVTs7MIvoI9vdE+SAQ==</latexit><latexit sha1_base64="bfZduSSbGibV8GN2/Z8tXR4zjYg=">AAAB9HicbVBNSwMxFHypX7V+VT16CRbBU9kVQb1IwYOepIJrC+1asmm2Dc1mlySrlKX/w4sHFa/+GG/+G7PtHrQ6EBhm3uNNJkgE18ZxvlBpYXFpeaW8Wllb39jcqm7v3Ok4VZR5NBaxagdEM8El8ww3grUTxUgUCNYKRhe533pgSvNY3ppxwvyIDCQPOSXGSvfdiJghJSK7nPSuK71qzak7U+C/xC1IDQo0e9XPbj+macSkoYJo3XGdxPgZUYZTwSaVbqpZQuiIDFjHUkkipv1smnqCD6zSx2Gs7JMGT9WfGxmJtB5HgZ3MU+p5Lxf/8zqpCU/9jMskNUzS2aEwFdjEOK8A97li1IixJYQqbrNiOiSKUGOLyktw57/8l3hH9bO6c3Nca5wXbZRhD/bhEFw4gQZcQRM8oKDgCV7gFT2iZ/SG3mejJVTs7MIvoI9vdE+SAQ==</latexit><latexit sha1_base64="bfZduSSbGibV8GN2/Z8tXR4zjYg=">AAAB9HicbVBNSwMxFHypX7V+VT16CRbBU9kVQb1IwYOepIJrC+1asmm2Dc1mlySrlKX/w4sHFa/+GG/+G7PtHrQ6EBhm3uNNJkgE18ZxvlBpYXFpeaW8Wllb39jcqm7v3Ok4VZR5NBaxagdEM8El8ww3grUTxUgUCNYKRhe533pgSvNY3ppxwvyIDCQPOSXGSvfdiJghJSK7nPSuK71qzak7U+C/xC1IDQo0e9XPbj+macSkoYJo3XGdxPgZUYZTwSaVbqpZQuiIDFjHUkkipv1smnqCD6zSx2Gs7JMGT9WfGxmJtB5HgZ3MU+p5Lxf/8zqpCU/9jMskNUzS2aEwFdjEOK8A97li1IixJYQqbrNiOiSKUGOLyktw57/8l3hH9bO6c3Nca5wXbZRhD/bhEFw4gQZcQRM8oKDgCV7gFT2iZ/SG3mejJVTs7MIvoI9vdE+SAQ==</latexit>

Gn
<latexit sha1_base64="cs+463K5n0SSaMT1X9i0K+EuRu4=">AAAB9HicbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnqRggc9VnBtoV1LNs22odlkSbJKWfo/vHhQ8eqP8ea/MdvuQVsHAsPMe7zJhAln2rjut1NaWl5ZXSuvVzY2t7Z3qrt791qmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4usr91iNVmklxZ8YJDWI8ECxiBBsrPXRjbIYE8+x60hOVXrXm1t0p0CLxClKDAs1e9avblySNqTCEY607npuYIMPKMMLppNJNNU0wGeEB7VgqcEx1kE1TT9CRVfookso+YdBU/b2R4VjrcRzayTylnvdy8T+vk5roPMiYSFJDBZkdilKOjER5BajPFCWGjy3BRDGbFZEhVpgYW1Regjf/5UXin9Qv6u7taa1xWbRRhgM4hGPw4AwacANN8IGAgmd4hTfnyXlx3p2P2WjJKXb24Q+czx+kz5Ih</latexit><latexit sha1_base64="cs+463K5n0SSaMT1X9i0K+EuRu4=">AAAB9HicbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnqRggc9VnBtoV1LNs22odlkSbJKWfo/vHhQ8eqP8ea/MdvuQVsHAsPMe7zJhAln2rjut1NaWl5ZXSuvVzY2t7Z3qrt791qmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4usr91iNVmklxZ8YJDWI8ECxiBBsrPXRjbIYE8+x60hOVXrXm1t0p0CLxClKDAs1e9avblySNqTCEY607npuYIMPKMMLppNJNNU0wGeEB7VgqcEx1kE1TT9CRVfookso+YdBU/b2R4VjrcRzayTylnvdy8T+vk5roPMiYSFJDBZkdilKOjER5BajPFCWGjy3BRDGbFZEhVpgYW1Regjf/5UXin9Qv6u7taa1xWbRRhgM4hGPw4AwacANN8IGAgmd4hTfnyXlx3p2P2WjJKXb24Q+czx+kz5Ih</latexit><latexit sha1_base64="cs+463K5n0SSaMT1X9i0K+EuRu4=">AAAB9HicbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnqRggc9VnBtoV1LNs22odlkSbJKWfo/vHhQ8eqP8ea/MdvuQVsHAsPMe7zJhAln2rjut1NaWl5ZXSuvVzY2t7Z3qrt791qmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4usr91iNVmklxZ8YJDWI8ECxiBBsrPXRjbIYE8+x60hOVXrXm1t0p0CLxClKDAs1e9avblySNqTCEY607npuYIMPKMMLppNJNNU0wGeEB7VgqcEx1kE1TT9CRVfookso+YdBU/b2R4VjrcRzayTylnvdy8T+vk5roPMiYSFJDBZkdilKOjER5BajPFCWGjy3BRDGbFZEhVpgYW1Regjf/5UXin9Qv6u7taa1xWbRRhgM4hGPw4AwacANN8IGAgmd4hTfnyXlx3p2P2WjJKXb24Q+czx+kz5Ih</latexit>

· · ·<latexit sha1_base64="F9nsRaTe7ujR44aLdk07GVFawH8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqaQiqBcpePFYwdhCG8pms2mXbnbD7kQooT/CiwcVr/4fb/4bN20OWn0w8Hhvhpl5YSq4Qc/7ciorq2vrG9XN2tb2zu5eff/gwahMU+ZTJZTuhcQwwSXzkaNgvVQzkoSCdcPJTeF3H5k2XMl7nKYsSMhI8phTglbqDmik0NSG9YbX9OZw/5JWSRpQojOsfw4iRbOESaSCGNNveSkGOdHIqWCz2iAzLCV0Qkasb6kkCTNBPj935p5YJXJjpW1JdOfqz4mcJMZMk9B2JgTHZtkrxP+8fobxZZBzmWbIJF0sijPhonKL392Ia0ZRTC0hVHN7q0vHRBOKNqEihNbyy3+Jf9a8anp35432dZlGFY7gGE6hBRfQhlvogA8UJvAEL/DqpM6z8+a8L1orTjlzCL/gfHwDT7WPEg==</latexit><latexit sha1_base64="F9nsRaTe7ujR44aLdk07GVFawH8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqaQiqBcpePFYwdhCG8pms2mXbnbD7kQooT/CiwcVr/4fb/4bN20OWn0w8Hhvhpl5YSq4Qc/7ciorq2vrG9XN2tb2zu5eff/gwahMU+ZTJZTuhcQwwSXzkaNgvVQzkoSCdcPJTeF3H5k2XMl7nKYsSMhI8phTglbqDmik0NSG9YbX9OZw/5JWSRpQojOsfw4iRbOESaSCGNNveSkGOdHIqWCz2iAzLCV0Qkasb6kkCTNBPj935p5YJXJjpW1JdOfqz4mcJMZMk9B2JgTHZtkrxP+8fobxZZBzmWbIJF0sijPhonKL392Ia0ZRTC0hVHN7q0vHRBOKNqEihNbyy3+Jf9a8anp35432dZlGFY7gGE6hBRfQhlvogA8UJvAEL/DqpM6z8+a8L1orTjlzCL/gfHwDT7WPEg==</latexit><latexit sha1_base64="F9nsRaTe7ujR44aLdk07GVFawH8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqaQiqBcpePFYwdhCG8pms2mXbnbD7kQooT/CiwcVr/4fb/4bN20OWn0w8Hhvhpl5YSq4Qc/7ciorq2vrG9XN2tb2zu5eff/gwahMU+ZTJZTuhcQwwSXzkaNgvVQzkoSCdcPJTeF3H5k2XMl7nKYsSMhI8phTglbqDmik0NSG9YbX9OZw/5JWSRpQojOsfw4iRbOESaSCGNNveSkGOdHIqWCz2iAzLCV0Qkasb6kkCTNBPj935p5YJXJjpW1JdOfqz4mcJMZMk9B2JgTHZtkrxP+8fobxZZBzmWbIJF0sijPhonKL392Ia0ZRTC0hVHN7q0vHRBOKNqEihNbyy3+Jf9a8anp35432dZlGFY7gGE6hBRfQhlvogA8UJvAEL/DqpM6z8+a8L1orTjlzCL/gfHwDT7WPEg==</latexit>

X
<latexit sha1_base64="Z7Lba4lY9L7gpHl4OF7R49qtXOk=">AAAB8nicbVBNS8NAFHzxs9avqkcvi0XwVFIR1IsUvHisYGyhCWWz3bRLN5uw+yKU0L/hxYOKV3+NN/+NmzYHbR1YGGbe481OmEph0HW/nZXVtfWNzcpWdXtnd2+/dnD4aJJMM+6xRCa6G1LDpVDcQ4GSd1PNaRxK3gnHt4XfeeLaiEQ94CTlQUyHSkSCUbSS78cUR4zKvDut9mt1t+HOQJZJsyR1KNHu1778QcKymCtkkhrTa7opBjnVKJjk06qfGZ5SNqZD3rNU0ZibIJ9lnpJTqwxIlGj7FJKZ+nsjp7Exkzi0k0VGs+gV4n9eL8PoKsiFSjPkis0PRZkkmJCiADIQmjOUE0so08JmJWxENWVoaypKaC5+eZl4543rhnt/UW/dlG1U4BhO4AyacAktuIM2eMAghWd4hTcnc16cd+djPrrilDtH8AfO5w80pJFR</latexit><latexit sha1_base64="Z7Lba4lY9L7gpHl4OF7R49qtXOk=">AAAB8nicbVBNS8NAFHzxs9avqkcvi0XwVFIR1IsUvHisYGyhCWWz3bRLN5uw+yKU0L/hxYOKV3+NN/+NmzYHbR1YGGbe481OmEph0HW/nZXVtfWNzcpWdXtnd2+/dnD4aJJMM+6xRCa6G1LDpVDcQ4GSd1PNaRxK3gnHt4XfeeLaiEQ94CTlQUyHSkSCUbSS78cUR4zKvDut9mt1t+HOQJZJsyR1KNHu1778QcKymCtkkhrTa7opBjnVKJjk06qfGZ5SNqZD3rNU0ZibIJ9lnpJTqwxIlGj7FJKZ+nsjp7Exkzi0k0VGs+gV4n9eL8PoKsiFSjPkis0PRZkkmJCiADIQmjOUE0so08JmJWxENWVoaypKaC5+eZl4543rhnt/UW/dlG1U4BhO4AyacAktuIM2eMAghWd4hTcnc16cd+djPrrilDtH8AfO5w80pJFR</latexit><latexit sha1_base64="Z7Lba4lY9L7gpHl4OF7R49qtXOk=">AAAB8nicbVBNS8NAFHzxs9avqkcvi0XwVFIR1IsUvHisYGyhCWWz3bRLN5uw+yKU0L/hxYOKV3+NN/+NmzYHbR1YGGbe481OmEph0HW/nZXVtfWNzcpWdXtnd2+/dnD4aJJMM+6xRCa6G1LDpVDcQ4GSd1PNaRxK3gnHt4XfeeLaiEQ94CTlQUyHSkSCUbSS78cUR4zKvDut9mt1t+HOQJZJsyR1KNHu1778QcKymCtkkhrTa7opBjnVKJjk06qfGZ5SNqZD3rNU0ZibIJ9lnpJTqwxIlGj7FJKZ+nsjp7Exkzi0k0VGs+gV4n9eL8PoKsiFSjPkis0PRZkkmJCiADIQmjOUE0so08JmJWxENWVoaypKaC5+eZl4543rhnt/UW/dlG1U4BhO4AyacAktuIM2eMAghWd4hTcnc16cd+djPrrilDtH8AfO5w80pJFR</latexit>

Figure 1. TR decomposition.

that our method is robust to tensor dimension. When the
image data is tensorized to a proper high-dimension, the
performance of our method can be enhanced.

II. PRELIMINARIES

A. Notations

In this paper, a scalar is denoted by a normal lowercase
or capital letter, e.g., x ∈ R and X ∈ R. A vector is
denoted by a boldface lowercase letter, e.g., x ∈ RI . A
matrix is denoted by a boldface capital letter, e.g., X ∈
RI×J . A tensor of dimension N ≥ 3 is denoted by Euler
script letters, e.g., X ∈ RI1×I2×···×IN . For n = 1, · · · , N ,
{X (n)}Nn=1 := {X (1),X (2), · · · ,X (N)} is defined as a
tensor sequence, and X (n) is the nth tensor of the se-
quence. The representations of matrix sequence and vector
sequence are denoted in the same way. An element of tensor
X ∈ RI1×I2×···×IN of index {i1, i2, . . . , iN} is denoted
by xi1i2···iN or X (i1, i2, . . . , iN ). One type of the mode-n
matricization (unfolding) of tensor X ∈ RI1×I2×···×IN is
denoted by X(n) ∈ RIn×I1···In−1In+1···IN . Another type of
mode-n matricization of tensor X ∈ RI1×I2×···×IN is denoted
by X<n> ∈ RIn×In+1···INI1···In−1 . The inner product of two
tensors X , Y with the same size RI1×I2×···×IN is defined as
〈X ,Y〉 =

∑
i1

∑
i2
· · ·∑iN

xi1i2···iN yi1i2···iN . Furthermore,
the Frobenius norm of X is defined by ‖X‖F =

√
〈X ,X 〉.

The Hadamard product is denoted by ‘∗’ and it is an element-
wise product of vectors, matrices or tensors of same sizes. For
example, given tensor X ,Y ∈ RI1×I2×···×IN , Z = X ∗ Y ,
then Z ∈ RI1×I2×···×IN , and zi1i2···iN = xi1i2···iN yi1i2···iN .

B. Tensor ring decomposition

Tensor ring (TR) decomposition is the generalization of
tensor-train (TT) decomposition. It represents a tensor by
circular multilinear products over a sequence of latent factors
of lower-dimension [27]. The latent factors are named core
tensors. All of the core tensors of TR decomposition are three-
dimension tensors, and are denoted by G(n) ∈ RRn×In×Rn+1 ,
n = 1, . . . , N , where R1, . . . , RN denotes the TR-rank which
controls the model complexity of TR decomposition. The
representation regulation of tensor network in monography [5]
is adopted and the diagram of TR decomposition is shown in
Figure 1. Similar as TT, the TR decomposition linearly scales
the tensor dimension, and thus it can overcome the “curse of
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dimensionality”. The TR decomposition relaxes the rank con-
straints on the first and last core tensors of TT to R1 = RN+1,
while the original constraints on TT decomposition is rather
stringent, i.e., R1 = RN+1 = 1. The rank constraints of TT is
because of the relation of core tensors and original tensor has
to be deduced by multiple multiplication operation. TR applies
trace operation, so all the core tensors can be constrained to be
third-dimension equivalently. Therefore, TR is considered as
a linear combination of TT and it offers a more powerful and
generalized representation ability than TT decomposition. The
element-wise relation of the TR core tensors and the original
tensor is given by:

X (i1, i2, . . . , iN ) = Trace
( N∏

n=1

G(n)(in)
)
, (4)

where Trace(·) is the matrix trace operator, G(n)(in) ∈
RRn×Rn+1 is the inth mode-2 slice matrix of G(n), which
also can be denoted by G(n)(:, in, :). Every element of the
tensor can be calculated by the trace of the matrices multiple
multiplication of the according mode-2 slice of every TR core
tensors.

III. TENSOR RING WEIGHTED OPTIMIZATION

Based on TR decomposition, we propose the TR-WOPT
algorithm which is illustrated as follows. Define T ∈
RI1×I2×···×IN is the incomplete tensor with missing entries
filled with zero, X ({G(n)}Nn=1) is the tensor approximated by
the core tensors of TR decomposition. The proposed algorithm
is based on “tensor decomposition based” approach and the
model is described in (2). The model is to find the core
tensors of TR decomposition of an incomplete tensor, then
use the TR core tensors to approximate the missing entries. To
minimize the model by gradient-based algorithm, the problem
is reformulated by the below optimization model:

f(G(1), . . . ,G(n)) =
1

2

∥∥∥W ∗ (T −X ({G(n)}Nn=1))
∥∥∥

2

F
.

(5)
This is an objective function of an optimization problem and
all the core tensors are the optimization objective. From [27],
the relation between the approximated tensor X and the core
tensors {G(n)}Nn=1 can be deduced as the following equation:

X<n> = G
(n)
(2) (G

( 6=n)
<2> )T , (6)

where G(6=n) ∈ RRn+1×
∏N

i=1,i 6=n Ii×Rn is a subchain tensor
by merging all core tensors except the nth core tensor, i.e.,
G(6=n) := X ({G(n+1), . . . ,G(n),G(1), . . . ,G(n−1)}). Because
each of the core tensors is independent, we can optimize them
independently. The optimization function w.r.t. G(n) can be
written as:

f(G(n)) =
1

2

∥∥∥W<n> ∗ (T<n> −G
(n)
(2) (G

( 6=n)
<2> )T )

∥∥∥
2

F
, (7)

where we consider other tensor cores remain fixed. Next, we
can deduce the partial derivatives of the objective function (7)

w.r.t. G(n)
(2) as follow:

∂f

∂G
(n)
(2)

= (W<n> ∗ (G
(n)
(2) (G

( 6=n)
<2> )T −T<n>)G

( 6=n)
<2> . (8)

For n = 1, ..., N , the gradients of all the core tensors
can be obtained, and the core tensors can be optimized by
any gradient-based optimization algorithms. Furthermore, if
there is no missing entries in tensor data, our algorithm can
also be used as a TR decomposition algorithm. The whole
process of applying TR-WOPT to tensor completion is listed
in Algorithm 1. The details of gradient descent algorithm and
parameter settings in this paper will be explained in Section
IV .

Algorithm 1 Tensor ring weighted optimization (TR-WOPT)
1: Input: incomplete tensor T , weight tensor W , TR-rank

R1, . . . , RN , and randomly initialized {G(n)}Nn=1.
2: While the stopping condition is not satisfied
3: For n=1:N
4: Compute gradients of {G(n)}Nn=1 according to (8).
5: End
6: Update {G(n)}Nn=1 by gradient descend algorithm.
7: End while
8: Y = PΩ(T ) + PΩ̄(X ({G(n)}Nn=1))
9: Output: completed tensor Y .

IV. EXPERIMENT RESULTS

We conduct several synthetic data experiments and RGB
image data experiments to test the performance of our TR-
WOPT algorithm. We compare our algorithm with some tensor
completion algorithms which are similar to our algorithm, e.g.,
TT-WOPT [24] and CP-WOPT [1]. Moreover, some other
state-of-the-art algorithms, e.g., FBCP [26] and FaLRTC [16]
are also tested in the next experiments.

For the gradient descent method applied in our TR-WOPT,
we use the nonlinear conjugate gradient (NCG) with line
search method, which is implemented by a Matlab toolbox
named Poblano toolbox [8]. We use two stopping conditions
to all the algorithms: the number of iteration reaches 500 and
the error between two iterations satisfies ‖Y2−Y1‖/‖Y2‖ <
tol = 10−6. When one of the stopping conditions is satisfied,
the optimization will be stopped.

For completion performance evaluation, we adopt relative
square error (RSE) and peak signal-to-noise ratio (PSNR).
RSE is calculated by:

RSE =
‖T real −Y‖F
‖T real‖F

, (9)

where T real is the real tensor with full observations, Y is the
completed tensor. Moreover, for RGB image data, PSNR is
obtained by:

PSNR = 10 log10(2552/MSE). (10)

MSE is deduced by:

MSE = ‖T real −Y‖2F /num(T real), (11)
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where num(·) denotes the number of element of the tensor. In
addition, for tensor experiments of random missing cases, we
define missing rate as 1 −M/num(T real), where M is the
number of sampled entries (i.e. observed entries).

A. Synthetic data

In this section, we conduct synthetic data experiments to see
the performance of our algorithm and the compared algorithms
under different tensor dimensions and different missing rates.
TR-WOPT, TT-WOPT, CP-WOPT, FBCP, and FaLRTC are
tested in the experiments. The synthetic data is generated
by a highly oscillating function: f(x) = sin(π/4)cos(x2) in
vector form, then the synthetic data is reshaped to generate the
required tensors of different dimensions. We test four different
tensor dimensions: 48×48×48 (3D), 16×16×16×16 (4D),
10× 10× 10× 10× 10 (5D) and 7× 7× 7× 7× 7× 7 (6D).
The missing rate varies from 0.1 to 0.95. For the rank selection
of TR-WOPT, TT-WOPT, CP-WOPT, we adjust the ranks of
each algorithm to make the model parameters to be as close
as possible, thus provide a fair situation to compare model
representation ability. FBCP can tune CP rank automatically,
and FaLRTC does not need to set tensor ranks beforehand, thus
we only need to tune hyper-parameters of the two algorithms
and record the best performance. The five algorithms are tested
and the RSE results are shown in Figure 2.

From the figure we can see, TR-WOPT performs well in all
the four tensor dimensions. Moreover, when the tensor dimen-
sion increases, many compared algorithms show performance
degradation. TT-WOPT is the closest algorithm to TR-WOPT,
though the number of model parameters is set similarly, TR-
WOPT performs better than TT-WOPT almost in all situations
due to higher representation ability of the TR-based model.
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Figure 2. Synthetic data completion results of five algorithms under different
tensor dimensions and different missing rates.
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Figure 3. Completion results of TR-WOPT under different tensor dimensions
and different TR-ranks using benchmark image “Lena” (missing rate is 0.7).

B. Image experiments

The synthetic data experiments results show that our TR-
WOPT performs well in higher-dimension tensors, so in this
section, we first test the performance of TR-WOPT under
different tensor dimension and TR-ranks. Instead of directly
reshaping image to higher-dimension, we apply a novel ten-
sorization scheme mentioned in [24]. The idea is simple, if the
size of a RGB image is U×V ×3, and U = u1×u2×· · ·×ul
and V = v1 × v2 × · · · × vl are satisfied, then the image
can be tensorized to a (l + 1)-dimension tensor of size
u1v1 × u2v2 × · · · × ulvl × 3. The first dimension of the
higher-dimension tensor stands for a pixel block of the image,
and the following dimensions are the extension blocks of the
image. The higher-dimension tensor generated by the above
tensorization scheme is considered to be a better structure of
the image.

We choose the benchmark RGB image “Lena” (original size
256× 256× 3) in this experiment and tensorize the image by
the above tensorization scheme to 3-D (256 × 256 × 3), 5-D
(16 × 16 × 16 × 16 × 3) and 9-D (4 × 4 × 4 × 4 × 4 × 4 ×
4 × 4 × 3). For simplicity, the TR-ranks of each experiment
are set as the same value, i.e., R1 = R2 = . . . = RN . We
conduct the experiments when TR-ranks are 12, 24, 36 and
48 respectively. The missing rates of all the data are set as
0.7. Figure 3 shows the visual results and corresponding RSE
values of each situation. From the results we can see, the best
completion performance is obtained at the 5-D case when TR-
rank is set as 48. So tensorizing data to a higher-dimension
properly can enhance the performance of our algorithm. In
the following RGB image experiments, we adopt this tensor
structure for our algorithm.

The following experiments consider four different irregular
missing situations, i.e., removing images by the shapes of the
alphabet, missing by scratching, the block missing and the line

1074

Proceedings, APSIPA Annual Summit and Conference 2018 12-15 November 2018, Hawaii



missing. Moreover, random missing cases with high missing
rates are also considered. Because all the tensor completion
algorithms perform well in low missing rate situations, we only
test high random missing rate situations, i.e., missing rates are
0.8, 0.9, 0.95 and 0.99. We tune ranks and hyper-parameters of
each algorithm and record the best completion results of each
algorithm. Figure 4 and Table I show the visual and numerical
completion results of the five algorithms respectively. From the
results we can see, TR-WOPT performs better than TT-WOPT,
CP-WOPT, and FBCP in all the tested situations. However,
FaLRTC shows slightly better performance than TR-WOPT in
the images of scratch missing and random missing (missing
rate is 0.8). This is because the images own distinct low-
rank property and the missing rate is relatively low, which
is easy for “rank minimization based” algorithms to catch the
low-rank structures of the tensor. However, when the missing
rate of data is higher and most of the information is missing,
FaLRTC cannot find the low-rank structure of the data, so
the performance of random missing rate 0.9 to 0.99 of the
algorithm drops quickly.

Figure 4. Visual completion results of five algorithms under eight image
missing situations. The first column and the second column are original
images and images with specified missing patterns respectively. The following
columns are the completion results of the five algorithms respectively. The
first row to the fourth row are the completion results of alphabet missing,
scratch missing, block missing and line missing respectively. The fifth row to
the last row are random missing completion results of missing rates 0.8, 0.9,
0.95 and 0.99 respectively.

Table I
NUMERICAL COMPLETION RESULTS OF FIVE ALGORITHMS UNDER EIGHT

IMAGE MISSING SITUATIONS.

TR-WOPT TT-WOPT CP-WOPT FBCP FaLRTC

Alphabet RSE
PSNR

0.0227
37.17

0.0282
35.30

0.0901
25.62

0.0397
32.32

0.0313
34.40

Scratch RSE
PSNR

0.110
24.55

0.119
23.83

0.231
18.08

0.114
24.20

0.106
24.84

Block RSE
PSNR

0.0891
26.21

0.124
23.31

0.176
20.32

0.115
24.01

0.104
24.84

Line RSE
PSNR

0.101
24.81

0.115
23.70

0.187
19.46

0.116
23.61

0.112
24.72

0.8 RSE
PSNR

0.128
23.59

0.142
22.71

0.332
15.32

0.101
25.70

0.0839
27.27

0.9 RSE
PSNR

0.125
19.97

0.134
19.35

0.414
9.562

0.175
17.01

0.146
18.62

0.95 RSE
PSNR

0.252
18.20

0.276
17.42

0.530
11.74

0.351
15.32

0.343
15.52

0.99 RSE
PSNR

0.398
12.59

0.657
8.226

0.679
7.948

0.457
11.38

0.942
5.099

V. CONCLUSIONS

Based on low-rank tensor ring decomposition, in this paper,
we proposed a new tensor completion algorithm named tensor-
ring weighted optimization (TR-WOPT). The TR core tensors
are optimized by the gradient-based method and used to
predict the missing entries of the incomplete tensors. We
conduct various synthetic data experiments and real-world data
experiments, and the results show that TR-WOPT outperforms
the state-of-the-art algorithms in many situations. In addition,
we also find that tensorizing lower-dimension tensor to a
proper higher-dimension tensor can give a better data structure
and thus can improve the performance of our algorithm. Good
performance of TR-WOPT in various completion tasks shows
the high representation ability and flexibility of TR decom-
position. It is also shown that the gradient-based algorithm
is promising to optimize tensor decompositions. Furthermore,
our method needs the TR-rank to be specified before the
experiment, which is time-consuming to find the best TR-
rank for the data. In our future work, we will study how to
determine TR-ranks automatically.
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[18] Linyuan Lü and Tao Zhou. Link prediction in complex networks:
A survey. Physica A: statistical mechanics and its applications,
390(6):1150–1170, 2011.

[19] Ivan V Oseledets. Tensor-train decomposition. SIAM Journal on
Scientific Computing, 33(5):2295–2317, 2011.

[20] Amnon Shashua and Tamir Hazan. Non-negative tensor factorization
with applications to statistics and computer vision. In Proceedings of
the 22nd international conference on Machine learning, pages 792–799.
ACM, 2005.

[21] Nicholas D Sidiropoulos, Lieven De Lathauwer, Xiao Fu, Kejun Huang,
Evangelos E Papalexakis, and Christos Faloutsos. Tensor decomposition
for signal processing and machine learning. IEEE Transactions on Signal
Processing, 65(13):3551–3582, 2017.

[22] Ledyard R Tucker. Some mathematical notes on three-mode factor
analysis. Psychometrika, 31(3):279–311, 1966.

[23] Wenqi Wang, Yifan Sun, Brian Eriksson, Wenlin Wang, and Vaneet
Aggarwal. Wide compression: Tensor ring nets. arXiv preprint
arXiv:1802.09052, 2018.

[24] Longhao Yuan, Qibin Zhao, and Jianting Cao. Completion of high
order tensor data with missing entries via tensor-train decomposition.
In International Conference on Neural Information Processing, pages
222–229. Springer, 2017.

[25] Qibin Zhao, Masashi Sugiyama, and Andrzej Cichocki. Learning
efficient tensor representations with ring structure networks. arXiv
preprint arXiv:1705.08286, 2017.

[26] Qibin Zhao, Liqing Zhang, and Andrzej Cichocki. Bayesian cp factor-
ization of incomplete tensors with automatic rank determination. IEEE

transactions on pattern analysis and machine intelligence, 37(9):1751–
1763, 2015.

[27] Qibin Zhao, Guoxu Zhou, Shengli Xie, Liqing Zhang, and Andrzej
Cichocki. Tensor ring decomposition. arXiv preprint arXiv:1606.05535,
2016.

[28] Qibin Zhao, Guoxu Zhou, Liqing Zhang, Andrzej Cichocki, and Shun-
Ichi Amari. Bayesian robust tensor factorization for incomplete multi-
way data. IEEE transactions on neural networks and learning systems,
27(4):736–748, 2016.

1076

Proceedings, APSIPA Annual Summit and Conference 2018 12-15 November 2018, Hawaii


		2018-10-19T10:54:50-0500
	Preflight Ticket Signature




