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Abstract—In this paper, we present the short-time Fourier
transform (STFT) with zero-padded frame analysis to introduce
frequency redundancy into a time–frequency representation, and
we investigate its application to phase reconstruction by the
Griffin–Lim algorithm. Recent studies on phase reconstruction
have suggested that the use of a small STFT frame shift
improves the performance of phase reconstruction techniques,
which implies that increasing the temporal redundancy of the
time–frequency representation makes phase reconstruction easier.
Motivated by this, we consider the STFT with zero padding
to increase the redundancy of the STFT along the frequency
axis. The linearity of this transform and its inverse enables the
use of the Griffin–Lim algorithm on the time–frequency domain.
We evaluate the performance of phase reconstruction using the
STFT with and without zero padding using the spectral distance
and perceptual evaluation of speech quality as the criteria.
The experimental results show that increasing the frequency
redundancy with zero padding improves the phase reconstruction
performance similarly to using a small frame shift.

I. INTRODUCTION

The effect of phase information on speech quality has
motivated further research on phase-aware signal processing
[1]–[3]. It has been reported that phase awareness improves
the performance of speech enhancement and source separation.
The authors of [4]–[8] consider the harmonic structure of
speech and propose a method of estimating the harmonic phase
of speech for speech enhancement. Complex-valued spectral
gain estimations using the minimum mean square error crite-
rion and the maximum a posteriori criterion are discussed in
[9], [10]. In [11], a time–frequency (TF) mask is estimated
by using a deep neural network employing the amplitude and
phase as input features. Deep clustering [12] has also been
used to estimate a real-valued mask for source separation
using the phase as a feature. In addition, nonnegative matrix
factorization has been extended to handle complex-valued
spectra [13]. The phase of speech is reconstructed for source
separation and speech synthesis in [14] and [15], respectively.

Most of the above signal processing studies are carried
out in the TF domain using the short-time Fourier transform
(STFT), which consists of frame segmentation, windowing,
and conducting the discrete Fourier transform (DFT). It is
well known that the STFT representation has redundancy due
to the overlap of frames, that is, a segmented signal sample
is included at multiple frames. The Griffin–Lim algorithm
(GLA) [16] is a popular phase reconstruction method, and
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Fig. 1. Conceptual diagrams showing differences among STFT, STFT with
a small frame shift, and frequency-overlapped STFT.

many derivative methods have been proposed [17]–[19]. This
algorithm reconstructs the phase by performing iterative cal-
culations with the STFT and inverse STFT (iSTFT) using the
redundancy of the STFT. The GLA reconstructs the phase
by exploiting this redundancy. In addition, many phase re-
construction methods, including the harmonic-structure-based
phase reconstructions [4], [8], employ an STFT frame shift of
one-eighth or one-quarter of the frame length. The use of a
small frame shift is equivalent to increasing the redundancy
of the TF representation along the time axis, which results
in improved phase reconstruction performance. These results
suggest that increasing the redundancy of the representation is
a good approach to estimating the phase.

In this paper, we consider an STFT that is redundant
along the frequency axis, the so-called “frequency-overlapped”
STFT, as shown in Fig. 1. It is expected that the increase
in the frequency redundancy in the STFT will also make
phase reconstruction easier, similarly to the STFT with a
small frame shift. We implement the increase in the frequency
redundancy by using the well-known zero padding. That is, in
this paper, we investigate whether the zero padding improves
phase reconstruction by the GLA.

The remainder of this paper is organized as follows. We
explain the zero-padded frame analysis and define “frequency-
overlapped” STFT in Section II. In Section III, we also define
its inverse transform and introduce an application of this
STFT to phase reconstruction with the GLA. We evaluate
the phase reconstruction accuracy with the zero-padded frame
analysis through experiments in Section IV. Finally, we draw
conclusions in Section V.
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Fig. 2. Conceptual illustration of increase in STFT redundancy in the
frequency domain.

II. INCREASING REDUNDANCY OF STFT ALONG
FREQUENCY AXIS

We consider increasing the redundancy of the STFT along
the frequency axis in our proposed alternative TF represen-
tation. It is first noted that the STFT can be interpreted as
a type of filter bank. That is, the kth frequency spectrum is
obtained from the filtered signal using a bandpass filter with
the central frequency corresponding to the kth bin, as shown
in Fig. 2. This bandpass filter is derived from the analysis
window function and complex exponential function in the
DFT. We can regard the partial overlap between these filters
as a redundancy along the frequency axis. Namely, increasing
this overlap increases the redundancy. First, we introduce the
standard STFT and iSTFT in Section II-A. Next, we define
and formulate the aforementioned transform in Section II-B.

A. Standard STFT and its inverse transform

Let t, n, k, and N be the time sample index, frame index,
frequency bin index, and frame length, respectively. Then, the
STFT of a time-domain signal x(t) with a frame shift of N/β
is formulated as

Xβ(n, k) =

N−1∑
τ=0

xβ,w(n, τ)(FN )kτ , (1)

xβ,w(n, τ) = w(τ)x(τ + n
N

β
), (2)

where FN = exp(−j2π/N), w(τ) is the analysis window
function, and j is the imaginary unit. The signal x̃(t) is
inversely synthesized using the iSTFT and an overlapping
process as

x̃(t) =
∑
n

w̃(t− n
N

β
)x̃n(t− n

N

β
), (3)

x̃n(τ) =
1

N

N−1∑
k=0

Xβ(n, k)(FN )−kτ , (4)

where w̃(τ) is the synthesis window and x̃(t) is identically
equal to x(t) when the following condition is satisfied:∑

n

w(t− n
N

β
)w̃(t− n

N

β
) = 1. (5)
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Fig. 3. Illustration of zero-padded frame analysis.

B. Formulation of STFT with zero-padded frame analysis

Here, we consider increasing the fineness of the frequency
bin index k = 0, · · · , N − 1 in (1) as illustated in Figs. 1 and
2. This idea is simply realized as follows by replacing k by a
new variable k/α (0, · · · , αN − 1):

X ′
β(n, k) =

N−1∑
τ=0

xβ,w(n, τ)(FN )
k
α ·τ (6)

=
αN−1∑
τ=0

x̆β,w(n, τ)(FαN )(τ−∆)k, (7)

where ∆ = (α− 1)N/2 and x̆β,w(n, τ) is defined as

x̆β,w(n, τ) =

{
xβ,w(n, τ −∆), τ = ∆,· · ·,∆+N−1,

0, otherwise.
(8)

These equations show that increasing the fineness of k is
equivalent to the STFT of the αN -length augmented signal
padded with ∆-length zeros on both sides, x̆β,w(n, τ), as
illustrated in Fig. 3. Therefore, we define the “frequency-
overlapped” STFT of x(t) using the parameters α and β,
which respectively control the redundancy of frequency and
time, as the follows:

Xα,β(n, k) = STFTα,β [x(t)] (9)

=
αN−1∑
τ=0

x̆β,w(n, τ)(FαN )τk, (10)

where the origin of the phase is set at the foremost point
in the αN -length augmented frame. Note that STFT1,β is
equivalent to the standard STFT (using a nonzero-padded
frame) with a frame shift of N/β.

III. PHASE RECONSTRUCTION USING STFT WITH
ZERO-PADDED FRAME ANALYSIS

We consider phase reconstruction using GLA with the afore-
mentioned transform. Nakamura and Kameoka [20] proposed
a GLA with the wavelet transform, which suggests that any
linear TF representation can be used for phase reconstruction
with the GLA if the inverse transform is a linear operation.
Therefore, we also define the inverse of the STFT with zero-
padded frame analysis. We can simply formulate the inverse
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Algorithm 1 Griffin–Lim phase reconstruction with
STFTα,β

Input: |X[0]| ∈ RαN×T , where T is total frame number
Output: x̂(t)

initial random phase Φ ∈ RαN×T

X[1] = |X[0]| ⊙Φ

x[1](t) = iSTFTα,β

[
X[1]

]
for i = 1 : I − 1 do
Y[i] = STFTα,β

[
x[i](t)

]
X[i+1] = |X[0]| ⊙ exp

{
j∠Y[i]

}
x[i+1](t) = iSTFTα,β

[
X[i+1]

]
end for
return x̂(t) = x[I](t)

transform of Xα,β(n, k) as follows:

x̃(t) = iSTFTα,β [Xα,β ] (11)

=
∑
n

w̃(t− n
N

β
)x̃n(t− n

N

β
), (12)

x̃n(τ) = x̆n(τ +∆), τ = 0, · · · , N − 1, (13)

x̆n(τ) =
1

αN

αN−1∑
k=0

Xα,β(n, k)(FαN )−τk, (14)

where (13) is the term regarding the consistency of the STFT
with zero-padded frame analysis: from the definitions of (8)
and (10), x̆(τ) in (14) obtained from Xα,β(n, k), which we
call a consistent transform, requires the following numerical
restriction:

x̆n(τ) = 0, 0 ≤ τ ≤ ∆−1∪∆+N ≤ τ ≤ αN −1. (15)

That is, if Xα,β(n, k) is not consistent, this restriction is
not satisfied; therefore, inconsistent elements, namely, nonzero
elements appear in the segments. Accordingly, we prune these
elements in (13) before the overlap-add process. In addition,
note that this definition is equivalent to the use of a zero-
padded synthesis window. Namely, if any analysis window is
selected, the perfect reconstruction condition in (5) is always
satisfied owing to the zeros on both sides of this synthesis
window.

We apply the STFT with zero-padded frame analysis to
phase reconstruction with the GLA. This STFT increases
the redundancy of the TF representation, whereas the GLA
estimates the consistent phase such that it decreases the
redundancy. As a result, it is expected that the zero padding
will provide more information for reconstructing the consistent
phase with the GLA. Concretely, the number of nonzero
elements on both sides of x̆n(τ), which originate from the
phase replacement in the GLA, is reduced during the iteration
because they become zero as originally defined. This algorithm
is given in Algorithm 1, where the operation ⊙ is the element-
wise product.

Fig. 4. Segmented waveforms in a frame, x̆n(τ) in (14), with the iSTFT
(α = 4), after 1, 10, and 100 iterations during the GLA, where the green
vertical lines show both bounds of the frame.

(a) N = 512 with a 1/8 shift (b) N = 512 with a 1/2 shift
Fig. 5. Spectral distance as a function of the number of iterations of the
GLA, where N is the frame length.

Fig. 6. Spectral distance after 1,000 iterations for an equal number of
measurements, the product of the parameters α and β is 8 in this case, and
N indicates the frame length.

IV. EVALUATION

A. Setup

We conducted two experiments to evaluate the phase recon-
struction performance of the STFT with zero-padded frame
analysis compared with that of the standard STFT (α = 1) in
different cases: the given amplitude spectrum in the GLA is an
oracle and corrupted by noise. In the latter case, we suppose
an application to speech enhancement, i.e., the estimated
amplitude is obtained from a noisy amplitude corrupted by
a white noise of 0 dB from the NOISEX-92 database [21].
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TABLE I
AVERAGE SPECTRAL DISTANCE [DB] AFTER 1,000 ITERATIONS IN THE ORACLE AMPLITUDE CASE, WHERE N IS THE FRAME LENGTH.

N 128 256 512 1024

α 1 2 4 1 2 4 1 2 4 1 2 4

β = 2 −0.97 −1.02 −1.02 −1.37 −1.47 −1.47 −1.78 −1.82 −1.82 −1.44 −1.48 −1.47

β = 4 −2.16 −2.37 −2.32 −2.71 −2.83 −2.83 −3.08 −3.13 −3.13 −3.19 −3.23 −3.22

β = 8 −2.14 −2.77 −2.76 −2.46 −2.92 −2.96 −3.01 −3.30 −3.30 −3.33 −3.46 −3.46

(a) N = 256 with 1/8 shift (β = 8) (b) N = 256 with 1/4 shift (β = 4) (c) N = 256 with 1/2 shift (β = 2)
Fig. 7. Box plots of PESQ score in speech enhancement application, where N is the frame length, and the black horizontal lines show the PESQ score of
the combination between the estimated amplitude and noisy phase with α = 1 (solid), α = 2 (chain), and α = 4 (dashed).

We selected 10 utterances from the TIMIT database [22] as
the target speech samples with a sampling rate of 16 kHz.
We used the Hann window for spectrum analysis and the
window that satisfies a perfect reconstruction condition [16]
for synthesis. We ran the GLA for 1000 iterations with frame
lengths of 8, 16, 32, and 64 ms and frame shifts of one-
eighth, one-quarter, and one-half of the frame length, that is,
β = 8, 4, 2, and compared the standard STFT (α = 1) and
the STFT with zero padding (α = 2, 4). We performed the
experiment ten times for every target speech with a different
initial random phase, which is uniformly distributed for an
unbiased evaluation. In the estimated amplitude case, after we
estimated the amplitude spectrogram with an MMSE-STSA
estimator [23], we conducted the GLA using the spectrogram.
When the spectral gain was estimated, we used the oracle noise
power. In the oracle amplitude case, we evaluated the quality
of phase reconstruction in terms of the spectral distance (SD)
formulated as

SD = 10 log10

{∣∣∣∣∣∣|X1,4| − |X̂1,4|
∣∣∣∣∣∣2
F

/
||X1,4||2F

}
, (16)

where X1,4 and X̂1,4 are the original and the estimated
spectrograms using the standard STFT with a 1/4 shift, that is,
X1,4 = STFT1,4 [s(t)] and X̂1,4 = STFT1,4 [x̂(t)], where
s(t) is a target speech, and || · ||2F is the Frobenius norm. In the
estimated amplitude case, we used the perceptual evaluation
of speech quality (PESQ) [24] to determine speech quality.

B. Experimental results and discussion

First, we confirm that the GLA achieves the constancy of
the STFT with zero-padded frame analysis along the frequency
axis. Fig. 4 shows x̆n(τ) in (14) after 1, 10, and 100 iterations

during the GLA with the STFT (α = 4). As shown in the
figure, both sides of the segmented waveforms converge to
zero with increasing number of iterations, as expected.

Fig. 5 and Table I show the average SD as a function of
the number of iterations and after 1000 iterations, respectively.
These results show that the smaller the frame length and frame
shift, the higher the phase reconstruction performance with
zero-padded frame analysis. On the other hand, none of cases
with a shift of half of the frame length reduced the SD. This
is because the small amount of redundancy in the shift of half
the frame length makes it difficult to estimate the phase using
the GLA. Large frame lengths provide sufficient information
to reconstruct consistent phases; therefore, the improvement
in the SD for the standard STFT (α = 1) with a large frame
length becomes close to that of the STFT (α = 2, 4). Note
that the number of iterations required for convergence using
the zero-padded STFT is smaller than that using the standard
STFT in Fig. 5; however, the calculation cost of an iteration
becomes expensive owing to the increase in the DFT length
αN .

The bar graph in Fig. 6 illustrates the SD after 1000 itera-
tions for an equal number of measurements, i.e., the product
of the parameters α and β is the same, αβ = 8 in this case.
This condition equalizes the number of TF points that these
two parameters affect. Fig. 6 shows the following two findings:
the half-shift case (β = 2) has a lower performance than the
other cases, whereas the performance with the combination of
the STFT and zero padding is slightly higher than that with the
standard STFT, except for N = 1024. Overall, the use of the
STFT with zero padding achieves the same or slightly better
performance than the standard STFT for an equal number of
measurements.
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Fig. 7 illustrates box plots of PESQ scores of 100 samples
(10 sources and 10 trials) after 1,000 iterations in the case
of using estimated amplitudes with frame length N = 256
(16 ms). The three black lines (solid, chain, and dashed)
indicate the PESQ score when using the estimated amplitude
and noisy phase with α = 1, 2, 4, respectively. Note that the
chain and dashed lines (α = 2, 4) overlap in this figure. As
shown, using zero padding in the GLA improves PESQ, except
for the half shift. This result is similar to the case of the oracle
amplitude, which shows that the GLA with zero-padded frame
analysis improves the phase reconstruction performance. In
addition, when other frame lengths, e.g., N = 128, 512, 1024,
were used in the analysis, the PESQs using the noisy phase
and phase reconstruction using the GLA with α = 2, 4 were
the same, except for the half shift, whereas the PESQ with
α = 1 was lower than the PESQ with the noisy phase, just
like Fig. 7(c). The combination of increasing frequency and
temporal redundancies provides a better phase reconstruction
performance than the standard STFT with a small frame shift.
However, a shift smaller than one-half, that is, the redundancy
of the STFT along the time axis, is required to accurately
reconstruct the phase even when zero-padded frame analysis
is used.

V. CONCLUSION

In this paper, we discussed a TF transform considering
the redundancy of the STFT and introduced zero padding
to the STFT and iSTFT. We additionally proposed a GLA
based on these transforms. The use of zero padding provided
a better phase reconstruction performance than the standard
STFT with a small frame shift in terms of SD in the oracle
amplitude case. In speech enhancement applications, the use
of zero padding accurately reconstructed phase spectra in
terms of PESQ. Future work involves the evaluation of speech
quality by a listening test, the use of the zero-padded frame
analysis in other applications such as speech synthesis and
source separation, and the evaluation of the performance of
the applications.
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