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Abstract—Compressed sensing is a technique to recover a
sparse vector from its underdetermined linear measurements.
Since a naive /, optimization approach is hard to tackle due to the
discreteness and the non-convexity of ¢/, norm, a relaxed problem
of the ¢, — {5 optimization is often employed for the reconstruction
of the sparse vector especially when the measurement noise is
not negligible. FISTA (fast iterative shrinkage-thresholding algo-
rithm) is one of popular algorithms for the ¢, — /> optimization,
and is known to achieve optimal convergence rate among the
first order methods. Recently, the employment of optical circuits
for various signal processing including deep neural networks has
been considered intensively, but it is difficult to implement FISTA
with the optical circuit, because it requires operations of divisions
with a dynamic value in the algorithm. In this paper, assuming the
implementation with the optical circuit, we propose an ADMM
(alternating direction method of multipliers) based algorithm
for the ¢, — (> optimization. It is true that an ADMM based
algorithm for the /; — /> optimization has been already proposed
in the literature, but the proposed algorithm is derived with the
different formulation from the existing method, and unlike the
existing ADMM based algorithm, the proposed algorithm does
not include the calculation of the inverse of a matrix. Computer
simulation results demonstrate that the proposed algorithm can
achieve comparable performance as FISTA or existing ADMM
based algorithm while requiring no division operations and no
matrix inversions.

I. INTRODUCTION

In order to improve the processing speed and to reduce the
power consumption, the analog signal processing with optical
circuits instead of conventional digital electric circuits has been
drawing much attention recently [1]. In particular, since the
product-sum operation, in other words, the product between a
matrix and a vector, can be realized with the optical circuits, it
is expected to speed up various signal processing algorithms or
machine learning techniques with the implementation by the
optical circuit [2].

Compressed sensing is a mathematical framework for recon-
structing an unknown vector from its underdetermined linear
measurements taking advantage of the sparsity of the unknown
vector. When the linear measurement contains the observation
noise, a method that minimizes the weighted sum of the /5
norm data fidelity term and the ¢; sparse regularization term of
the unknown vector is often used. Such a problem is called the
{1 — £ optimization problem, and ISTA (iterative shrinkage-
thresholding algorithm) and its high-speed version FISTA (fast
ISTA) are widely used to solve the optimization problem. In
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particular, FISTA is known to achieve the optimal convergence
rate among the first order methods, which use only the value
of the cost function and its derivative [3], [4], However, FISTA
requires an operation of division with a dynamic value in the
algorithm, which is difficult to implement with the optical
circuit.

In this paper, assuming the implementation with the optical
circuit, we propose an ADMM (alternating direction method
of multipliers) based algorithm for the ¢; — {5 optimization. So
far, an ADMM based algorithm for the ¢; — /5 optimization
problem has been already shown in [5], but this algorithm
requires matrix inversion, which may difficult to realize with
the optical circuit. In the proposed approach, we utilize a
different formulation from [5], and the resultant proposed
algorithm requires neither the operation of division with a
dynamic value nor the matrix inversion, which is suited for the
implementation with the optical circuit. Computer simulation
results demonstrate that the proposed algorithm can achieve
comparable performance as FISTA or existing ADMM based
algorithm while requiring no division operations and no matrix
inversions.

II. ¢; — ¢35 OPTIMIZATION PROBLEM AND EXISTING
ALGORITHMS

In this paper, we consider an underdetermined linear mea-
surement model for an unknown sparse vector € RV as

y=Azx +w, (1)

where A € RM*YN js a known measurement matrix and
w € RM is the measurement noise. We also assume that
N > M. In compressed sensing, the following ¢; — ¢
optimization problem is often utilized in order to reconstruct
the sparse vector x from the information of y and A:

0y = arg i, (512 -yl Alell ). @)
Here, A > 0 is a parameter that controls the balance between
the data fidelity term || Az — y||3 and the sparse regularization
term ||x||;.

In order to solve the #; —¢5 optimization problem, algorithms
using the proximal operator are often employed. Here, the
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Algorithm 1 ISTA

Algorithm 2 FISTA

Fix: x[0], v > 0.
Output: Estimate of x
for k=0,1,2,...:
zlk + 1] = S, (lk] — AT (Az[k] - y))
end for
return x[k + 1]

‘ Sy(v)

Fig. 1. Soft thresholding operator

proximal operator with the parameter v > 0 is defined as

{f(u) + ol - |} 3

prox. ;(z) = arg ueg})irg(f)
where f : RN — RU{oo} is a proper closed-convex function,
that is, {(z,t) € RN x R: f(x) <t} is a non-empty closed-
convex set, and dom( f) is the effective domain of the function
f, namely, dom(f) = {x € RV : f(x) < +oc}.

ISTA (iterative shrinkage-thresholding algorithm) is one of
the simplest and most popular algorithms that use proximal
operator. The details of ISTA is shown in Algorithm 1, where
S+ (v) is the proximal operator of ¢; norm and is called a soft
thresholding operator (see Fig. 1).

One of major concerns with ISTA is its slow rate of con-
vergence, while its simplicity is attractive. Therefore, FISTA,
which is a faster version of ISTA, is widely used when
faster convergence is required. Detailed steps of FISTA are
summarized in Algorithm 2. It should be noted that FISTA
achieves faster convergence by the employment of the update
equation using not only the estimate in the previous iteration
but also the estimate of one more previous iteration, while the
update equation in ISTA uses only the estimate in the previous
iteration. It is known that FISTA can achieve the optimum
convergence rate among the first order methods that use the
information of the gradient and the function value of the cost
function [3], [4]. However, it is difficult to directly implement
FISTA in the optical circuit, because it includes the operation
of division with a dynamic value in the update formula of
z[k + 1], which is difficult to realize with the optical circuit.

Yet, another famous algorithm that uses proximal operator
is ADMM. In ADMM, we consider an optimization problem
of the form

min  {¢1(s) + ¢2(z)} subject to z= Bs, (4)

sERL zeRK

Fix: «[0], z[0], t[0] > 0, v > 0.
Output: Estimate of x
for k=0,1,2,...:
xlk + 1] = Sya(2[k] —1AT (Az[k] - y))

s 1) = L \/12+ At [k]2

tk] - 1
tlk + 1]

[k +1) = z[k + 1] +

end for
return z[k + 1]

(2[k +1] — [k])

Algorithm 3 ADMM
Fix: 20,00, Y > 0.
Output: s and z

for k=0,1,2,...:

. 1
suss = arg iy {on(s) + 5 [1Bs — 2+ vl )

Zk41 = Prox. 4, (Bsg1 + vk)
Vit1 = Uk + Bsp1 — 2z
end for
return s(k + 1], z[k + 1]

where ¢1(-) and ¢(-) are proper closed-convex functions. The
ADMM algorithm for this canonical form of the problem is
given as shown in Algorithm 3.

The ¢; — ¢y optimization problem can be solved using
ADMM. Specifically, the original optimization problem (2) is
equivalent to the optimization problem of

Jnin, (Gll4z g3+ Nzl ) o =2
and by setting
1 2
on(x) = 51 Az - |} ©
¢2(2) = Alz[h M
B=1, ®)

where I is an identity matrix, it turns out that the ¢; — /5
optimization problem is reduced to the canonical form problem
(4) of ADMM [5]. From this formulation, the ADMM based
algorithm for the ¢; — {5 optimization problem is obtained as
shown in Algorithm 4.

III. PROPOSED ALGORITHM

The previous section has described existing algorithms
for ¢1—¢5 optimization problem based on ISTA, FISTA, and
ADMM. Here, we propose a novel algorithm for the optimiza-
tion problem based on ADMM by using a different formulation
from the existing ADMM based algorithm.

In the proposed method, we rewrite ¢;—¢> optimization
problem (2) as an equivalent optimization problem:

1
(3l1= -9l + Al ) == 42 ©)

min
xRN zcRM
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Algorithm 4 ADMM for ¢, — {5 (existing))

Algorithm 5 ADMM for ¢; — {5 (proposed))

Fix: z[0], v[0], v > 0.
Output: Estimate of x
for k=0,1,2,...:

T 1\
ok +1] = (A A+7I> 1
ATy 4 2 e - oli)
zlk + 1] = Sya(x[k + 1] + v[k])
vlk+ 1] =v[k] +x[k+1] — z[k+ 1]
end for
return x[k + 1]

Here, by setting

$1(x) = Alle|l1, (10)
$2(2) = 5 llz — wll3, (1D
and B = A in (4), {1—{5 optimization problem can be reduced
to the canonical form of ADMM. To derive the proposed

algorithm, we then obtain the augmented Lagrangian function
of problem (9) as

1
Ly(@, 2,v) =5z = yll5 + Ala|h + 0" (Az - 2)

P
+2)az - 2|3
Lo~ gl 4 Nally + 2[4z — 24 2|
=—||z — T ~||Ax — z+ —
9 Yll2 1ty o,
1\| 13 (12)
— —||v
2p 2

In this form, the variables corresponding to the two iterative
directions of the ADMM algorithm are completely indepen-
dent.

The first step of the ADMM update is given by
[k +1] i A|| I
T = arg min | —||z
gmGRN p !

+1HA:L'—z[k:]+lv[k] 2) (13)
2 p A

which is also an ¢;—¢5 optimization problem. Since it is
difficult to directly obtain the closed form solution of the
problem, we consider to utilize ISTA here to obtain the the
solution. Note that, in ISTA, a sufficient number of iterations
are required to ensure the convergence of the solution. How-
ever, we set the number of iterations J in ISTA for the first
step of ADMM as a design parameter, and evaluate the impact
of J on the performance via computer simulations later. Also,
this is the reason why we call the proposed algorithm as the
‘approximated” ADMM based algorithm.

Fix: z[0], 2[0], v[0], v >0, p > 0.
Output: Estimate of x
for k=0,1,2,...:
z[0] = z[k]
for j =0,1,2,...J—1:

:i[] + 1] = S’y)\/p <:13[]]

—~yAT (A:E[j] — z[k] + ;Mk]))
end for
xzlk + 1] = 2[J]
zlk+1] = rlp y+p Aa:[kJrl]Jr%v[k]
vlk + 1] = v[k] + p(Azx[k + 1] — z[k + 1])
end for
return z[k + 1]

On the other hand, the second step of the ADMM update

2
) (14)
2

is rather simple problem, and thus we can obtain closed form
update equation for this step as

(y +p (Aw[kz +1]+ ;v[k])) . (5)

From above formulations, the proposed algorithm for the
{1—¢5 optimization problem based on ADMM is obtained
as shown in Algorithm 5. Note that the proposed algorithm
does not include division by dynamically changing values
and matrix inversion unlike FISTA or existing ADMM based
algorithm, so it could be easily implemented by the optical
circuit.

. 1 9
2k + 1) =arg min (2|z g3

p 1
PlAzk+1) -z + -
—&-2H x[k + 1] z—&-pv[k}

zlk+1] =

1+p

IV. NUMERICAL EXPERIMENT

We have conducted computer simulations to evaluate the
performance of the proposed ADMM based algorithm. In the
simulations, we have generated measurement matrix A as a
submatrix of unitary DFT (discrete Fourier transform) matrix
by randomly choosing appropriate number of rows of the DFT
matrix. Also, we have set A = 5 in the /;—{5 optimization
problem, each element of the observation noise is assumed to
be white Gaussian with mean 0 and variance 0.05, and the
variance of the nonzero element of the unknown signal to be
1.

Firstly, in order to evaluate the impact of the number of inner
loops J of the proposed algorithm, we show the numerical
results of MSE (mean squared error) versus number of outer
loops of the proposed algorithm in Fig. 2, where J is set to be
1, 2, 3, 4, 5, and 100. Also, we have set N = 512, M = 256,
and K = 32 in the simulation. From the figure, we can see that
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= admm-proposed(j=1)
103 admm-proposed(|=2)
admm-proposed(|=3)
—— admm-proposed(|=4)
= admm-proposed(|=5)
T —— admm-proposed(]=100)
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Number of outer loops

Fig. 2. MSE of Proposed Method vs Number of Outer Loops (N = 512, M =
256, K = 32)

—— admm-proposed(|=1)
admm-proposed(]=2)
admm-proposed(|=3)

— admm-proposed(]=4)
admm-proposed(j=5)

o 10 20 30 40 50
Number of inner loops x Number of cuter loops

Fig. 3. MSE of Proposed Method vs Number of Inner and Outer Loops (N =
512, M = 256, K = 32)

the MSE performance improves as the number of inner loops
J increases. However, the comparison of the number of outer
loops will not be fair for the proposed algorithm with different
value of J, because the computational complexity and the
processing delay largely depend on the number of inner loops
J. Therefore, we have also evaluated the MSE performance
versus the number of inner loops times the number of outer
loops, which is the total number of iterations of the inner loops
of the proposed algorithm, in Fig. 3. From the figure, we can
see that J = 1 or 2 will be the best choice for the proposed
algorithm in terms of the convergence rate of the MSE. Thus,
we employ J = 1 in the subsequent simulations, which means
that the proposed algorithm is no more double loop algorithm.

In order to compare the performance of the proposed algo-
rithm with that of existing algorithms for the ¢;—f5 optimiza-
tion problem, we show the learning curves (MSE performance)
of the proposed ADMM, ISTA, FISTA and existing ADMM
in Figs. 4-7 with different system parameters. We have set
N =512, M = 256, K = 32 in Fig4, N = 512, M =
256, K = 4 in Fig. 5, N = 64, M = 32, K = 4 in
Fig. 6, and N = 64,M = 32,K = 1 in Fig. 7. In all
figures, the convergence rate of ISTA is significantly worse
than other algorithms. Also, we can see that the convergence
performance of the proposed ADMM, FISTA and existing
ADMM is almost identical when the number of nonzero
elements of the unknown vector is small (K = 4) or the system
size is small (IV = 64, M = 32). When the system size is
large and the unknown vector is not that sparse, the proposed
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Fig. 4. Comparison of Learning Curves (N = 512, M = 256, K = 32)
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Fig. 5. Comparison of Learning Curves (N = 512, M = 256, K = 4)

ADMM can achieve comparable or even better performance
than existing ADMM and FISTA.

V. CONCLUSIONS

In this paper, we have proposed a novel algorithm for
the /1 — {5 optimization problem based on ADMM, aiming
at the implementation with the optical circuit. The proposed
algorithm is free from the operation of division by a dynamic
value and also from the matrix inversion, and thus suited for the
implementation with the optical circuit. Although the proposed
algorithm has a double loop configuration, we have verified
that the number of iterations of the inner loop can be set to be
one from the numerical results. Also, we have demonstrated via
computer simulations that the proposed algorithm can achieve
comparable performance to FISTA or existing ADMM based
algorithm.

Future work includes theoretical analysis of the convergence
characteristics and detailed optimization of the parameters in
the algorithm.
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