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Abstract—This paper represents a short review on active noise
control (ANC) with the emphasis on ANC systems implemented
by using FxLMS adaptation algorithm. The physical mechanism
behind active noise control, based on which local silence zones
can be created is detailed. Basic configurations for realization
of ANC systems are then introduced. It is shown that FxLMS
algorithm has been widely used in different types of ANC systems.
Available theoretical work on analysis of FxLMS-based ANC
systems is reviewed. Shortcomings of available theoretical findings
are discussed. Finally, recent advances in theoretical analysis of
FxLMS-based ANC systems are introduced. These advances can
be considered as the recent contributions made by the authors.
Simulation results are also used to demonstrate the validity of the
theoretical findings.

I. INTRODUCTION

Active Noise Control (ANC), in which an electro-acoustic
system is responsible to create a local silence zone, has received
considerable interest, recently. The first patent on active noise
control was granted to a German engineer in 1936 [1]. For
two decades this idea remained only a theory on paper until
Olson used early analog electronic technology to invent the
first ANC device, called the “electronic sound absorber” [2],
[3]. By the end of the 1950’s, several analog ANC devices were
invented, including those invented by Fogel [4], Simshauser [5]
and Bose. However, all of analog ANC devices are not able to
adapt to changing characteristics of the noise to be canceled
and changing environmental conditions. This is because they
cannot enjoy any adaptive control technique. Only with the
advent of digital technology did the realization of adaptive
ANC systems become possible. The theory of adaptive ANC, in
which an adaptation algorithm automatically adjusts the ANC
device, was established by Widrow in 1975 [6]; however the
most significant progresses on this subject was reported in the
recent two decades [7], [8].

A. Physical Principles of Active Noise Control

Sound waves are described by variations in the acoustic
pressure through space and time. The acoustic pressure is
defined as the local deviation from the ambient atmospheric
pressure caused by a sound wave. This scalar quantity, which
can be directly measured using a microphone in air, is the
force (N) of sound on a surface area (m2) perpendicular to the
direction of the sound. The evolution of the acoustic pressure
as a function of position and time can be described by the wave

propagation equation in three-dimensional space as

∇2p (x, y, z, t)− 1

c2
∂2

∂t2
p (x, y, z, t) = 0 (1)

where p (x, y, z, t) denotes the acoustic pressure at position
(x, y, z) and continuous time t, operator ∇2 is the Laplacian
and constant c is the propagation speed of the sound in the
ambient. In [9], it is shown that the propagation of an acoustic
wave through the wave propagation process, given in Eq. (1),
can be effectively modeled as a linear process.

1) Superposition Property: In system theory, the superposi-
tion property states that, for all linear systems, the net response
at a given position and time caused by two or more sources is
the algebraic sum of the responses, which would have been
caused by each source acting individually. Therefore, based on
the linearity of the acoustic wave propagation process, the net
acoustic pressure at position (x, y, z) and (discrete) time index
n caused by two or more sound sources, can be expressed as the
algebraic sum of the acoustic pressures, caused by each sound
source acting individually. Accordingly, in a general case with
N sound sources, the net acoustic pressure at position (x, y, z)
and time index n can be expressed as

p (x, y, z, n) =

N∑
k=1

pk (x, y, z, n) (2)

where pk (x, y, z, n) denotes the acoustic pressure caused by
the k-th source acting individually (for k = 1, 2, . . . , N ).

2) Acoustic Wave Interference: The phenomenon of inter-
ference between acoustic waves is based on the superposition
property described above. For formulating this phenomenon, let
us assume that there are only two sound sources in the ambient.
In this case, Eq. (2) is simplified to

p (x, y, z, n) = p1 (x, y, z, n) + p2 (x, y, z, n) (3)

which gives the acoustic pressure at any position of three-
dimensional space, while the existing acoustic waves interact
with each other. The interaction of these two sound waves at
a given point (x0, y0, z0) and time index n, is called con-
structive interference if the absolute value of p (x0, y0, z0, n)
is greater than the absolute values of p1 (x0, y0, z0, n) and
p2 (x0, y0, z0, n). Otherwise, the interaction is called destruc-
tive interference. This definition can be extended for a general
case with an arbitrary number of sound sources. The phe-
nomenon of destructive interference is the basis for the creation
of a silence zone by ANC devices.
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Figure 1. Physical mechanism of active noise control

II. HOW TO CREATE A SILENCE ZONE

This section introduces the ANC physical mechanism by
which a local silence zone can be created. It is shown that this
mechanism should be precisely driven by a digital electronic
control system, which can be effectively implemented using a
linear digital filter.

A. ANC Physical Mechanism

In single channel ANC, there is a single control source, called
the anti-noise source, dealing with an arbitrary number of
acoustic noise sources. For this general case, the net acoustic
pressure at a given position and time can be mathematically
described by using the superposition property as

p (x, y, z, n) = pd (x, y, z, n) + pd̃ (x, y, z, n) (4)

where pd (x, y, z, n) is the net acoustic pressure at position
(x, y, z) and time index n caused by all the existing noise
sources, and pd̃ (x, y, z, n) is the acoustic pressure at the same
position and time caused by the anti-noise source acting indi-
vidually. The unwanted acoustic pressure pd (x, y, z, n) itself
can be described as the superposition of the acoustic pressures
caused by the noise sources acting individually. Now, let us
define the following notations.

1) Zs (xs, ys, zs) is the position of a desired silence zone in
three-dimensional space.

2) eac (n) is the net acoustic pressure at Zs :

eac (n) , p (xs, ys, zs, n) (5)

3) dac (n) is the acoustic pressure at Zs caused by all the
existing noise sources:

dac (n) , pd (xs, ys, zs, n) (6)

4) d̃ac (n) is the acoustic pressure at Zs caused by the anti-
noise (control) source:

d̃ac (n) , pd̃ (xs, ys, zs, n) . (7)

Using the above notations, Eq. (4) can be re-expressed as

eac (n) = dac (n) + d̃ac (n) , (8)

Eq. (8) describes the physical mechanism which is responsible
for ANC. The relation between the input and output of this
mechanism is shown in Figure 1. According to this figure,
the input of this mechanism is the control acoustic pressure
at Zs caused by the anti-noise source, the disturbance signal is
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Figure 2. Physical concept of active noise control

the unwanted acoustic pressure at Zs and the output signal is
the net acoustic pressure at Zs. The ANC physical mechanism
generates the output signal as the summation of the input and
disturbance signals. From Eq. (8), it can be shown that this
output can be made zero if the input and disturbance signals
are equal in magnitude and opposite in phase:

eac (n) = 0⇒ d̃ac (n) = −dac (n) . (9)

B. Digital Electronic Control System
As discussed above, the ANC physical mechanism can create

a silence zone, if the loudspeaker acting as the anti-noise
source is precisely driven to produce d̃ac (n) exactly equal
to −dac (n). For this purpose, the ANC physical mechanism
is usually associated with a digital electronic control system
which generates a control signal to drive the anti-noise source.
This system and its connection to other parts of a general
ANC system is illustrated in Figure 3. As can be seen in this
figure, one essential component of ANC systems is an error
microphone measuring the net acoustic pressure at the desired
silence zone. The response of this microphone, hereafter called
the error signal, is directly used by the ANC controller as a
feedback signal containing information on the performance of
the ANC system.

As illustrated in Figure 3, a digital ANC controller generates
the control signal y (n) in response to the input signal x (n),
called the reference signal. In order to generate an effective
control signal, the controller requires the reference signal to
contain enough information on the unwanted acoustic pressure.
In other words, an ideal reference signal is identical to the
unwanted acoustic pressure at Zs; however, this signal can not
be measured during the operation of the anti-noise source. This
is because dac (n) is intended to be combined with the control
acoustic pressure generated by the anti-noise source, d̃ac (n).
Here, it is useful to continue with an ideal case, where the ideal
reference signal, as introduced above, is available:

x (n) = dac (n) , (10)

and where it is assumed that the waveform of the control
acoustic pressure at Zs is exactly equal to that of the control
signal used to drive the anti-noise source:

d̃ac (n) = y (n) (11)

Now, by substituting Eqs. (10)-(11) into Eq. (9), the desired
control signal, denoted by yo (n), is obtained as

yo (n) = −x (n) . (12)
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From Eq. (12), the impulse response of the desired ANC
controller, wo (n) is obtained as

wo (n) = −δ (n) (13)

where δ (t) denotes the Kronecker delta function. In practice,
such simple controller can not perfectly create a silence zone at
Zs because of the existence of two constraints, the first of which
is d̃ac (n) 6= y (n) due to the existence of a physical electro-
acoustic channel between the output of the controller and Zs

(usually referred to as the secondary path) and the second of
which is x (n) 6= dac (n) due to the non-measurability of the
ideal reference signal. These two constraints and the standard
approaches used to deal with are discussed in the following.

C. Secondary Path Constraint

In practice, even if the ANC controller output y (n) is
identical to −dac (n), the control acoustic pressure at Zs,
deviates from −dac (n). Consequently, the net sound pressure
at Zs deviates from zero. This is because of the existence of
an electro-acoustic channel, called the secondary path, between
the ANC controller and Zs. Assuming that s (n) is the impulse
response of the secondary path, the control acoustic pressure
at Zs can be expressed as

d̃ac (n) = s (n) ∗ y (n) (14)

where ∗ denotes the convolution operator. Therefore, for pro-
ducing a control acoustic pressure equal to d̃ac (n) at Zs, the
control signal driving the anti-noise source should be set to

y (n) = s−1 (n) ∗ d̃ac (n) . (15)

From this result, it can be induced that only if the secondary
path impulse response is known then the desired control signal
y (n) can be estimated.

D. Reference Signal Measurement Constraint

As discussed, an ideal reference signal, which the ANC
controller can generate a perfect control signal in response to,
is equal to the unwanted acoustic pressure at Zs. However, this
acoustic pressure is not measurable because it is intended to

be combined with the control acoustic pressure. Based on the
structure upon which ANC devices deal with this constraint,
these systems are classified into two major categories: feed
forward and feedback.

1) Feed forward Structure: This structure for ANC con-
trollers have a long history in digital ANC. This dates back
to Widrow’s original work on adaptive ANC [6], in which an
upstream microphone was used to give information about the
unwanted noise propagating down the system. However, most
significant reports on feed forward ANC were published in
the 1980’s, including those published by Morgan [10], Widrow
[11], Burgess [12] and Warnaka [13].

Figure 4 shows the diagram of feed forward ANC. As can
be seen in this figure, a microphone, called the reference
microphone, is located at a far position from Zs, where the
influence of the anti-noise source is not considerable. The
response of this microphone is then fed to the controller as
the reference signal x (n). However, due to the existence of
the distance between the reference microphone and Zs the
waveform of the measured signal x (n) is different to that of
dac (n), which is the ideal reference signal. In the feed forward
structure, it is assumed that the ideal reference signal dac (n)
can be modeled as the response of a linear digital filter, called
the primary path, to the measured reference signal x (n):

dac (n) = p (n) ∗ x (n) , (16)

where p (n) is the impulse response of the primary path. Note
that the primary path is an hypothetical signal path which
is used for modeling the ideal reference signal, unlike the
secondary path which is an actual signal path.

2) Feedback Structure: As an alternative to the feed for-
ward structure, a feedback structure for ANC controllers was
proposed by Eriksson in 1991 [14]. As illustrated in Figure
5, in this structure, dac (n) is directly estimated by a feedback
predictor from the measured error signal e (n). Therefore, since
the predicted dac (n) is directly fed to the ANC controller, there
is no signal path between x (n) and dac (n). In other words,
the feedback structure is a special case of the feed forward
structure, in which the primary path is simply replaced by an
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identity system. The main advantage of this structure is that it
does not require any reference microphone; therefore, feedback
ANC controllers are more compact and cost effective compared
to feed forward ANC controllers. However, these controllers
can attenuate only the predictable components of the unwanted
noise. Furthermore, they are less robust than feed forward ANC
controllers. Due to these limitations, successful implementation
of these controllers can be found only in specific applications
such as personal hearing protection devices [15] and noise
canceling headphones [16]–[18].

E. Adjustment of ANC Controller
Considering both the constraints, described above, the net
acoustic pressure at the desired silence zone can be expressed
by combining Eqs. (14) and (16) as

eac (n) = p (n) ∗ x (n) + s (n) ∗ y (n) (17)

Assuming that the error microphone has no effect on the signal
waveform (or assuming that this microphone is included in
the primary and secondary paths), the response of the error
microphone can be approximately expressed as

e (n) ≈ eac (n) . (18)

Now, combining Eqs. (17) and (18) results in

e (n) = p (n) ∗ x (n) + s (n) ∗ y (n) . (19)

Eq. (19) represents a model in terms of electrical signals for
the ANC physical mechanism. Considering that y (n) is the
response of the ANC controller to x (n), the functional block
diagram of this model can be drawn, as shown in Figure 6.
From this figure, e (n) can be expressed as

e (n) = p (n) ∗ x (n) + {s (n) ∗ w (n)} ∗ x (n) , (20)

where w (n) is the impulse response of the ANC controller. By
setting e (n) to zero, the impulse response of the desired ANC
controller, wo (n), can be obtained as

wo (n) = −s−1 (n) ∗ p (n) (21)

Compared to Eq. (13) which describes an ideal ANC controller,
Eq. (21) describes a more realistic ANC controller, considering
both the secondary path and reference signal measurement
constraints. However, since the impulse responses p (n) and
s (n) are usually unknown, the desired ANC controller cannot
be directly computed. In this case, the role of Eq. (21) is



reduced to a theoretical proof for the existence of the desired
ANC controller.

III. ADAPTIVE ACTIVE NOISE CONTROL

This section introduces adaptive ANC in which the desired
ANC controller can be adaptively adjusted in a system identifi-
cation framework without having the knowledge of the primary
and secondary paths. Also, this section conducts a short review
on available algorithms used in adaptive ANC systems.

A. Adaptive Identification of ANC Controller

As a conclusion from the previous section, for realizing the
desired ANC controller, it is required to know the impulse
responses of the reference and secondary paths, both of which
are usually unknown time-varying electro-acoustic channels. To
solve this problem, an adaptive scheme for ANC was proposed
by Widrow in 1975 [6]. After publishing Widrow’s original
work, several researchers began to work on this subject [10]–
[13]. It was in 1981 that the first successful realization of an
adaptive ANC system for acoustic noise propagating in a duct
was reported by Burgess [12].

In adaptive ANC, an identification (or adaptation) algorithm
continually adjusts the ANC controller w in such a way that an
error signal is progressively minimized, rustlings in the gradual
convergence of w to wo. For the realization of such adaptive
structure, the digital electronic control system should consist
of two distinct parts (Figure 7):

1) A programmable digital filter, w acting as the ANC
controller and

2) An adaptation algorithm for the adjustment of the ANC
controller.

Usually, the digital filter used as the ANC controller is an stan-
dard transversal filter; however, standard adaptation algorithms
proposed for the transversal filters e.g. Least Mean Square
(LMS) or Recursive Least Square (RLS) can not be used for
the automatic adjustment of ANC controllers [8]. A relatively
complete but not up-to-date review on adaptation algorithms
used in ANC can be found in the book authored by Kuo
[7]. A substantial number of other references are listed in this
book. Also, the book authored by Elliott [8] provides detailed
information on signal processing techniques used in adaptive
ANC. In the next section, common ANC adaptation algorithms
are briefly reviewed.

B. ANC Algorithms

In ANC systems, standard adaptation algorithm can not be
used due to the existence of the secondary path. However, the
influence of the secondary path on the performance of any
standard adaptation algorithm can be compensated for if the
reference signal is filtered using an estimate of the secondary
path. This compensation mechanism results in a new range
of adaptation algorithms referred to as filtered-x adaptation
algorithms. The basic of which is the Filtered-x Least Mean
Square (FxLMS) derived by Widrow in 1981 [11].
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1) FxLMS Algorithm : FxLMS is a gradient based algorithm
which can be used for the identification of an unknown system
(e.g. a desired ANC controller) at the presence of a secondary
path. The functional block diagram of an FxLMS algorithm
adjusting an ANC controller is illustrated in Figure 8. In this
figure ŝ represents an estimate model of the secondary path.
As can be seen, the reference signal is filtered by ŝ before
being used by the standard LMS algorithm. This is the only
difference between the LMS and FxLMS algorithms, resulting
the compensation for the secondary path.

2) Variants of FxLMS Algorithm : Other versions of the
FxLMS such as Filtered-x Normalized LMS (FxNLMS) [13],
Leaky FxLMS [19], Modified FxLMS (MFxLMS) [20] were
proposed to improve the performance of the original algorithm.
However, the common problem with all of these algorithms
is the slow convergence rate, specially when there is a large
number of weights (which is usually the case). To overcome
this problem, more complicated algorithms such as Filtered-x
Recursive Least Square (FxRLS) [21], [22] or Filtered-x Affine
Projection (FxAP) [23] can be used. These algorithms have
faster convergence rate compared to FxLMS; however they
involve matrix computation and their real-time realization is
not cost effective.

3) Frequency Domain ANC Algorithms: Above mentioned
ANC algorithms suffer from either slow convergence rate or
computational complexity. To overcome both of these prob-
lems, frequency domain algorithms can be used. The first
frequency domain system identification framework was pro-
posed in the 1970’s [24] and the first frequency domain ANC



algorithm was developed in 1992 [25]. In this algorithm, the
reference and error signals are first stored in buffers to form
data blocks. These blocks are then transformed to frequency
domain reference and error vectors by a Fast Fourier Transform
(FFT). Elements of the frequency domain reference vector is
multiplied by filter weights to generate the frequency-domain
control vector. Then this vector is fed to an Inverse FFT (IFFT)
to produce a block of control signal in time domain. The
filter weights, used in the generation of the control signal
in frequency domain, are updated by the complex FxLMS
algorithm [26]. This algorithm causes a time delay equal to
the length of FFT used between the input and output of the
ANC controller. This problem would be a shortcoming for
the frequency-domain ANC controllers, specially in controlling
broad-band stochastic noise.

4) Sub-Band ANC Algorithms: Another approach to over-
come both of the computational complexity and slow con-
vergence rate problems associated with ANC algorithms, is
based on using the sub-band system identification framework.
Conventional sub-band adaptation algorithms introduce a delay
into the signal path. This delay cannot be tolerable in ANC
systems because these systems are very sensitive to any delay
in the secondary path. To overcome this problem, Morgan
proposed a delay-less sub-band system identification framework
and its FxLMS-based adaptation algorithm in 1995 [27]. Later,
Park improved the performance of the Morgan’s algorithm [28].
Recently, a number of different algorithms for adaptation of
sub-band ANC controllers have been proposed [29]–[31].
In a typical sub-band ANC algorithm, the reference and er-
ror signals are divided into sub-bands and then an FxLMS
algorithm adjusts a low order transversal filter for each sub-
band in order to minimize the corresponding sub-band error
signal. In order to avoid the sub-band processing delay, sub-
band ANC controllers are not directly used for the generation
of the control signals. From weights of sub-band controllers,
a full-band transversal ANC controller is constructed. In this
scheme, since low order adaptive filters are adjusted in parallel,
the convergence rate is fast. Also, since the adaptation process
is performed on low order sub-band transversal controllers, the
total computational complexity is significantly reduced.

IV. FXLMS-BASED ANC SYSTEMS

As discussed in the previous section, most ANC algorithms
rely on the FxLMS. For this reason, this algorithm is usually
known as the basic ANC algorithm. In this section, this
algorithm is expressed in ANC framework. Also, main factors
limiting the performance of the FxLMS algorithm in ANC
systems are discussed.

A. Derivation of FxLMS Algorithm in ANC Framework

As shown in Figure 8, FxLMS-based ANC systems consist of
two main components: the ANC controller w, and the FxLMS
algorithm, performing an adaptation process on parameters of
w. Usually, it is assumed that w is a transversal adaptive filter
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Figure 8. Digital electronic control system in FxLMS-based ANC

of length L. In this case, the control signal y (n), that is the
response of w, can be modeled as

y (n) = wT (n)x (n) (22)

where x (n), called the tap reference vector, is given by

x (n) =
[
x (n) x (n− 1) . . . x (n− L+ 1)

]T
(23)

and w (n) is the adaptive weight vector, formed by filter
parameters w0, w1, ...and wL−1 as

w (n) =
[
w0 (n) w1 (n) . . . wL−1 (n)

]T
(24)

The FxLMS algorithm performs an adaptation process on
vector w (n) in such a way that its output, that is y (n), causes
the power of the residual acoustic noise e (n) to be minimized.
This algorithm is given by

w (n+ 1) = w (n) + µe (n) f (n) (25)

where µ is a scalar parameter, called the adaptation step-size
and f (n) is the filtered reference vector, given by

f (n) =

Q−1∑
q=0

sqx (n− q) (26)

In this equation, scalar parameter sq is the amplitude of the
secondary path model impulse response at time index q.

B. Performance of FxLMS Algorithm in ANC

The performance of an FxLMS-based ANC system is limited
by a number of related factors that must be addressed in the
appropriate order. The absolute maximum level of performance
is limited first by the characteristics of the physical plant to
be controlled, including the secondary path impulse response
and the acoustic noise bandwidth. This means that no matter
how good is the electronic control system, the FxLMS will
not function properly if the secondary path has a long impulse
response and/or the acoustic noise has a wide bandwidth. After
the physical plant characteristics, the design parameters of
the electronic control system limit the maximum performance
achievable. Among these parameters, the most important one is
the length of the transversal filter used as the ANC controller.
While setting the filter length, it should be considered that
although increasing the filter length improves the steady state



performance but it degrades the convergence rate of the process.
In addition to this trade-off, the filter length should be set
considering the hardware resources available in the electronic
control system.

After the filter length is set carefully, the maximum achiev-
able performance is limited by the adaptation step-size µ. In
fact, the step-size is the only parameter providing with a control
mechanism over the performance of the FxLMS adaptation
process. Determining the rules governing on influences of the
step-size (µ) on the performance of the FxLMS adaptation
process is a complicated subject in adaptive signal processing.
However, simplified theoretical analysis, simulation results and
even experimental results show that these rules are similar to
those derived for the LMS adaptation process. Hence, the rules
governing influences of µ on the performance of the LMS
adaptation process [32], [33] can be used as rules of thumb
for the adjustment of µ in the FxLMS algorithm. These rules
can be stated as follows.

1) There is an upper-bound for µ (denoted by µmax) beyond
which the process becomes unstable.

2) The convergence rate has a direct relationship with µ and
the steady state performance has an indirect relationship
with this parameter.

These rules provides a useful sense for setting the step-size;
however, there are some ambiguities while using them. For
example, the mathematical formulation for µmax, which is
available in ANC literature, has been derived only for a pure
delay secondary path [7], [8] and the exact value of this bound
is unknown for a realistic secondary path.

There have been several contributions, made in the perfor-
mance analysis of the FxLMS adaptation process in terms
of µ. However, only a few have intended to find general
closed-form expressions for µmax, steady state performance
and convergence speed of this process. Even if such expressions
were derived, a simplified cases with pure delay secondary path
was considered. This is mainly because of the mathematical
complexity associated with the modeling of the FxLMS adap-
tation process.

Long summarized early work on the analysis of the FxLMS
algorithm in [34], [35], while deriving closed-form expressions
for µmax and the steady-state performance. However, these
expressions were derived only for pure delay secondary paths.
In [36], Elliott derived another expression for µmax which
was very similar to the one previously derived by Long. The
distinction between the two expressions was that Elliott de-
rived his expression specifically for ANC applications. Hence,
Elliott’s expression for µmax is very popular in ANC literature.
In [37], Bjarnason conducted a comprehensive analysis on
the FxLMS adaptation process. However, once he intended to
derive closed-form expressions for µmax and the steady state
performance, he had to simplify his formulations by assuming
a pure delay secondary path. Also, Vicente derived another
expression for µmax when the acoustic noise is assumed to
be sum of deterministic sinusoids [38].

All the aforementioned closed-form expressions for µmax

were derived for pure delay secondary paths. However, this
assumption is not very realistic because usually a secondary
path has a long impulse response. Also, practical results show
that the actual value of µmax is different with those have
been proposed in available literature so far [39]. Xiao tried to
compute µmax for a realistic secondary path but, as he reported
in [40], the theoretical results were not in a good agreement
with simulation results.

V. RECENT ADVANCES IN THEORETICAL ANALYSIS OF
FXLMS-BASED ANC SYSTEMS

Recently, the authors have performed a relatively compre-
hensive theoretical analysis on performance of FxLMS-based
ANC systems in realistic conditions. The results, obtained from
this study, have been published through several journal and
conference papers [41]–[44]. This analysis has been performed
based on two different approaches. In the first approach, atten-
tion has been focused, foremost, on the derivation of general
closed-form expressions for parameters relevant to performance
of ANC systems, such as step-size upper-bound, steady state
performance and convergence speed of these systems. These
expressions has been derived based on a novel stochastic model
for ANC systems. In the second approach, attention has been
focused on dynamic control of adaptation process performed
in ANC systems. For this purpose, the root locus method has
been found as a powerful tool for analysis and control of ANC
adaptation process dynamics.

A. Closed-from Expression for Step-Size Upper-bound

A relatively comprehensive expression for the upper-bound
of the step-size, beyond which FxLMS-based ANC systems
become unstable has been derived in [41] as

µmax =
2

‖s‖2 σ2
x (L+ 2Deq)

(27)

where σ2
x is the reference signal power, ‖s‖ denotes the norm

of the vector formed by the secondary path impulse response
coefficients as

s ,
[
s0 s1 . . . sQ−1

]T
(28)

Also, L is the filter length and Deq is a parameter, called the
secondary path equivalent delay and computed as

Deq ,
sTΨs

‖s‖2
(29)

where Ψ is a diagonal matrix defined as

Ψ = diag (0, 1, . . . , Q− 1) (30)

This expression, given in Eq. (27), is in the form of the
commonly-used expression, which was previously derived by
Elliott for pure delay secondary paths. However, instead of the
physical time delay which appeared in the Elliott’s expression,
a hypothetical parameter of the secondary path has appeared in
our expression. This novel parameter, which is called secondary



path equivalent delay, can be computed for any arbitrary
secondary path, unlike the secondary path time delay which
is a physical parameter related to only pure delay secondary
system.

Also, influences of the acoustic noise band-width on the step-
size upper-bound have been investigated in [42]. It has been
shown that these influences can be included in the closed-form
equation, obtained for the step-size upper-bound as

µmax =
2

‖s‖2 σ2
x

(
L+ 2

Bw
Deq

) (31)

where Bw is the normalized bandwidth of the reference signal.

B. Closed-from Expression for Steady State Performance

A closed-form expression for the misadjustment level, de-
termining the relative distance from the actual steady state
performance from the optimal performance, has been derived
in [41] as

M =
µL ‖s‖2 σ2

x

2− µ ‖s‖2 σ2
x (L+ 2Deq)

(32)

Influences of the acoustic noise band-width (Bw) on this
expression have been formulated in [42] as

M =
µL ‖s‖2 σ2

xJo

2− µ ‖s‖2 σ2
x

(
L+

2

Bw
Deq

) (33)

Based on the above expressions forM, the steady state residual
noise power can be obtained as

σ2
x = (1 +M) Jo (34)

where Jo is the optimal MSE function, which can be interpreted
as the minimum achievable residual noise power.

VI. COMPUTER SIMULATION

In this section, the validity of the theoretical expressions
given in Section V is demonstrated using computer simulation
and numerical analysis.

A. Upper-Bound of Step-Size

The existence of an upper-bound for the adaptation step-
size, beyond which the system becomes unstable, can be also
shown by using computer simulation. For this purpose, different
simulation experiments with different step-sizes should be
conducted. For example, plots of Figure 9 show variations
of the MSE function (mean square of error signal) in three
simulation experiments with different values of µ. As can be
seen, when µ is set to 0.02 or 0.08, the system becomes stable.
However, when it is set to 0.12, the system becomes unstable.
Therefore, it can be seen that the upper-bound for the step-size
locates between 0.08 and 0.12.

In order to find a more accurate upper-bound more simulation
experiments should be conducted. The value of the step-
size should be changed incrementally (with the incremental
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Figure 9. Variations of MSE function for different values of step-size

step of 0.001) until the system becomes unstable. For each
particular value of the step-size, 100 independent simulation
runs are repeated. Therefore, for each step-size, the number of
stable experiments can be interpreted as the percentage of the
stable experiments. According to the results obtained, for step-
sizes below 0.089, all the simulation experiments are stable
(µD = 0.089). When the step-size is increased to 0.090, only
68% of experiments become stable. Also, for step-sizes beyond
0.099, there is no stable experiment (µU = 0.09). Therefore,
µD can be considered as the maximum step-size below which
the stability of the system can be assured. Similarly, µU can be
considered as the minimum step-size beyond which the system
can never become stable. Therefore, the actual upper-bound
for the step-size locates between these two bonds. Herein, it is
assumed that the upper-bound is in the middle of µD and µU :

µmax ≈
µD + µU

2
(35)

Therefore, from the simulation results described above, it can
be shown that

µmax ≈ 0.0945, in simulation (36)

On the other hand, from Eq. (27), a theoretical value for µmax

can be obtained. For the secondary path impulse response, used
in the simulation, the theoretical upper-bound for the adaptation
step-size can be computed as

µmax = 0.0951, in theory (37)

Comparing values of µmax, obtained from computer simulation
and the the proposed theoretical expression, given in Eq. (27),
confirms the validity and accuracy of Eq. (27) .

In order to determine the influence of the acoustic noise
bandwidth on the step-size upper-bound of the simulated sys-
tem, the simulation experiment, described above, are repeated
for different band-limited acoustic noise. In simulation with
each noise bandwidth, an actual value for the upper-bound of
the step-size can be obtained, as described above. The results



are plotted in Figure 10. Also, the theoretical results, obtained
by plotting Eq. (31) with respect to the bandwidth Bw, is shown
in this figure by solid red line. The agreement between the
actual upper-bound, obtained from simulation results and the
theoretical one, obtained from Eq. (31), is evident.

B. Steady-State Residual Acoustic Noise Power

Eqs. (32) and (34) give a closed-form expression for the
steady-state residual noise power parameter, considering a
general secondary path. Simulation results show that these ex-
pressions can precisely determine the steady-state performance
of FxLMS-based ANC systems. For example, in plots of Figure
9, red lines show the steady-state level of each MSE function,
obtained by using this equation. As can be seen, for all of the
three cases, the theoretical result can be precisely matched to
the simulation result. Note that, for computing the steady-state
level, it is required to compute constant Jo. This parameter can
be computed by using the reference signal statistics as shown
in [41].

In order to show the general validity of Eq. (33), more
simulation runs with different values for the step-size are
conducted. The results are then plotted in Figure 11. In this
figure, the red curve is obtained by plotting Eq. (34) in with
respect to the adaptation step-size (µ). Also, the blue curve
is plotted by using simulation results. As can be seen, for
the allowed range of the adaptation step-size, theoretical and
simulation results are in a good agreement.

In order to investigate the influence of the acoustic noise
band-width on the steady state performance, the simulation
experiment, discussed above, can be repeated for different
band-limited acoustic noise signals. Figure 12 shows variations
of the steady-state residual acoustic noise power with respect
to the adaptation step-size for band-limited acoustic noise with
Bw = 0.8. As can be seen, Eq. (33) can precisely consider the
influence of the acoustic noise bandwidth on the steady-state
residual acoustic noise power. Results obtained from simulation
experiments with different values for Bw leads to the same
conclusion; however, these results are not mentioned here for
the available limit of space.

VII. CONCLUSION

This paper conducted a short review on FxLMS-based ANC
systems. After describing the physical idea behind ANC, dif-
ferent structures which can be used in the realization of ANC
system have been introduced. It is argued that the FxLMS
algorithm is a fundamental adaptation algorithm in ANC. The
theoretical work on analysis of FxLMS-based ANC systems
has usually considered simplified cases in order to avoid
mathematical difficulties. However, these conditions are not
realistic. Recent advances in theoretical analysis of FxLMS
algorithm have solved this problem. Theoretical findings for
general case with a general secondary path and a general band-
limited acoustic noise have been represented. Simulation results
showed the validity of these theoretical findings.
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Figure 10. Verification of the theoretical expression for formulating the
influence of acoustic noise bandwidth on µmax
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Figure 11. Verification of the proposed theoretical expression for steady-state
acoustic noise power
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