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Abstract—A low-complexity implementation of the con-
strained recursive least squares (CRLS) adaptive filtering algo-
rithm is developed based on the method of weighting and the
dichotomous coordinate descent (DCD) iterations. The method of
weighting is employed to incorporate the linear constraints into
the least squares problem of interest. The DCD iterations are
then used to solve the normal equations of the resultant uncon-
strained least squares problem. The new algorithm has a signifi-
cantly smaller computational complexity than the CRLS algo-
rithm while delivering convergence performance on par with it.
Simulations demonstrate the effectiveness of the proposed algo-
rithm.

L. INTRODUCTION

Linearly-constrained adaptive filtering algorithms are power-
ful signal processing tools with widespread use in several
applications such as beamforming, blind multiuser detection
in code-division multiple-access (CDMA) systems, and sys-
tem identification [1]. The linear constraints usually emerge
from the prior knowledge about the system, e.g., directions of
arrival in array processing [2], spreading codes in blind mul-
tiuser detection [3], and linear phase in system identification
[4]

The constrained least mean squares (CLMS) algorithm [5]
is the first linearly-constrained adaptive filtering algorithm. It
was originally introduced as an adaptive solution for the well-
known problem of linearly-constrained minimum-variance
(LCMV) filtering, which is commonly encountered in antenna
array processing [2]. Since CLMS belongs to the family of
LMS-type stochastic-gradient algorithms, it is simple, robust,
and computationally efficient. However, it is also subject to
the limitations of this family. Most notably, it has a slow con-
vergence that is further aggravated when the input signal is
correlated. The constrained recursive least squares (CRLS)
algorithm [6] solves the problem of slow convergence in
CLMS at the cost of increased computational complexity.
This algorithm is developed by directly incorporating the li-
near constraints into a recursive least squares solution. The
constrained affine projection (CAP) algorithm [7] features
complexity and convergence rate between those of the CLMS
and CRLS algorithms.

The generalized sidelobe canceler (GSC) [8] is an alterna-
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tive approach to the implementation of the linearly-
constrained adaptive filtering. The GSC offers the advantage
of employing any unconstrained adaptive filtering algorithm
by transforming the constrained optimization problem to an
unconstrained one. However, at each iteration, it multiplies
the input vector by a blocking matrix that is orthogonal to the
constraint matrix. This generally makes the GSC computa-
tionally more demanding than the direct-form constrained
adaptive filtering algorithms, e.g., CLMS, CRLS, and CAP,
which incorporate the linear constraints into their adaptation
process. Householder-transform constrained adaptive filtering
[9] is an efficient implementation of the GSC that takes ad-
vantage of the effectiveness of the Householder transforma-
tion to reduce the complexity. However, it can only be applied
to the LCMV filtering where the desired signal is zero. In
[10], it is proven that the GSC using the RLS algorithm is
mathematically equivalent to the CRLS algorithm. A review
and comparison of different RLS-type constrained adaptive
filtering algorithms can be found in [12].

In this paper, we develop a new linearly-constrained recur-
sive least squares algorithm employing the method of weight-
ing [11] and the dichotomous coordinate descent (DCD) itera-
tions [13]. The proposed algorithm is a low-complexity im-
plementation of the CRLS algorithm. Despite the approximate
nature of the method of weighing and the DCD algorithm, the
performance of the new algorithm can be made arbitrary close
to that of the CRLS algorithm by appropriate selection of the
design parameters. The basic idea behind the new algorithm is
to convert the constrained least squares problem to an uncon-
strained one by applying the method of weighting and to solve
the system of linear equations (SLE) of the normal equations
corresponding to the unconstrained problem by means of the
DCD algorithm. The DCD algorithm is an excellent multipli-
cation-free tool for solving SLEs and falls into the category of
shift-and-add algorithms. The number of iterations that the
DCD algorithm exercises at each run and the resolution of its
step-size control the trade-off between its accuracy and com-
plexity [14].

1L ALGORITHM DESCRIPTION
Let us consider a linear system described by

— T
d, =w'x, +v,



where d,, € R is the desired signal at time index n, w € R’ is
the vector of unknown system parameters,

n = [xn'xn—l' R xn—L+1]Ta
x, € Ris the input signal, v,, € R represents the background
noise, and superscript T stands for matrix transposition. Adap-
tive filtering algorithms recursively estimate the unknown
system parameters exploiting the data available up to the cur-
rent time instant. Generally, the tap weights of an adaptive
filter, denoted by w,, € RL, are taken as the estimate.

In linearly-constrained adaptive filtering, a set of con-
straints is imposed upon the filter weights at each time instant
as

CTlw, =f
where C € RE*X is the constraint matrix (K < L) and f € R¥

is the response vector. A constrained exponentially-weighted
least-squares (LS) estimate can be found as

w,, = argmin||d,, — XL w||?
w
subjectto CTar = f

(1)
where
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d, = [d,, 1'%d,
n = [Xn')ll/z Xn-1

[|-]| denotes the Euclidean norm, and 0 < A < 1 is the forget-
ting factor. The solution of this optimization problem ob-
tained through the method of Lagrange multipliers is [6]

w, = R;'p, + R;'C(C"R;'C) "M (f — C"R;'p,) ()
where

R, = XanTl = ?:1ln_ixixiT = ARn—l + anrTl

is the exponentially-weighted input autocorrelation matrix and

Prn = Xndn - :l:l An_ixidi = lpn—l + Xndn

is the exponentially-weighted cross-correlation vector be-
tween the input vector and the desired signal. The constrained
recursive least-squares (CRLS) algorithm [6] is a recursive
calculation of (2) that avoids the matrix inversions by apply-
ing the matrix inversion lemma [15].

The expression of (2) is an exact solution for the con-
strained LS problem of interest, (1). However, employing the
method of weighting [11], an approximate solution, W,,, can
be obtained by solving the following unconstrained optimiza-
tion problem:

= arem ] -] ]

where u > 1 is a weighting parameter. Consequently, W, is
the solution of the following normal equations [15]:

(%, wel lf‘cT [) ¥ = X0 uel [f}]

or
(R, + ©?CCTYW,, = p,, + *Cf,
which can be written as
oW, =1z, 3)

by defining ®, = R,, + u?CCT and z,, = p,, + u>Cf. Using
the definition of p,,, it is easy to verify that

0 = AZy_y + Xpdy + (1 — DUACE. (4)

The system of linear equations (SLE) of (3) can be efficiently
solved utilizing the dichotomous coordinate descent (DCD)
algorithm [13]. However, in order to exploit the full potential
of the DCD algorithm, similar to the approach taken in [14],
we solve

@, AW, = p, (%)
instead of (3) where AW,, = W,, — W,,_; and
Pn=2Zy — PWy_4 (6)

while W,,_; is the vector of filter weights computed at the
previous time instant. Substituting (4) into (6) together with
using the definitions of ®,, and R,, results in

n = AZp_q + Xpdy + (1 — Du?Cf — A®,_ W, _,
—Xp X Wy — (1 = D)uCC Wy,

or

n = Azn—l - Aq’n—lwn—l + Xnen

¥ (1< DR2C(E - €T, _) @
where the estimation error is defined as
en, = dp, —WI_1X,.

Since W,,_, is an approximate solution, we can define the
residual vector at time instant n — 1 as

o1 =2Zp_1 — q)n—lwn—l (8)

Using (8) in (7) yields
Pn = ALy +Xpe, + (1 — DY C(f — C"W,,_y).

Solving (5) using the DCD algorithm gives both AW,,, an ap-
proximate solution for AW,,, and r,, at each time instant [14].
Having found AW,,, we can calculate the filter weights as

~

w, = An_l + AWn

We call the proposed algorithm reduced-complexity con-
strained recursive least-squares (RC-CRLS) and summarize
it in Table I. We also present the DCD algorithm in Table II
where a¥X denotes the kxth element of a vector a,, while @, "*

and <I>,SK) are the (x, k)th entry and kth column of the matrix
@, , respectively.

The accuracy and complexity of the DCD algorithm is con-
trolled by its user-defined parameters, N, M, and H, which
establish a trade-off between complexity and performance



[13]. At each run of the algorithm, maximum N iterative up-
dates are performed. In other words, N determines the maxi-
mum number of filter coefficients that can be updated at each
time instant. Hence, in general, adaptive filtering based on the
DCD algorithm implements a form of selective partial up-
dates [16]. It is known that by selective partial updating, one
can trade performance for complexity [17]. In the DCD algo-
rithm, the step-size a can accept one of M predefined values
corresponding to representation of the elements of the solu-
tion vector as fixed-point words with M bits within an ampli-
tude range of [—H, H].

III. COMPUTATIONAL COMPLEXITY

The lower-right (L — 1) X (L — 1) block of R,, can be ob-
tained by copying the upper-left (L — 1) X (L — 1) block of
R,,_1. The only part of the matrix that should be directly up-
dated is the first row and the first column. Due to the symme-
try of R,,, it is sufficient to update only the first column via

RS}) = AR;l_)l + XX,

Similar to [14], we choose the forgetting factor as
A =1—27° where s is a positive integer. Consequently, mul-
tiplications by A can be replaced by bit-shifts and additions. In
addition, since ®,, is symmetric, we only need to compute its
upper triangular part.

The CRLS algorithm requires (3K2? + 5K +9)L + K% +
2K + 16 multiplications per iteration while the proposed al-
gorithm requires only (2K + 3)L multiplications per iteration.

IV. SIMULATIONS

We consider an LCMV filtering problem. The input signal
is made of three sinusoids with random phases, ¢,, ¢,, and
¢, and normalized frequencies f; = 0.065, f, = 0.195, and
f3 = 0.41 corrupted by additive white Gaussian noise, 1,
with power of g7 = 107%:

X, = sin(2ufin + ¢1) + sinufyn + ¢,) + sin(2ufin + ¢3) + ;.

We require the filter to have unity response at two frequencies,
fa = 0.14 and f5 = 0.325. Hence, we impose two point con-
straints and two first-order derivative constraints [1] apropos
fa and f5 and form the constraint matrix as

[1, cos(2mfy), ..., cos{2mf, (L — 1)}]

_ |1, cos(2nfs), ..., cos{2nfs (L — 1)}|

~|o,sin@rfy), ..., sin2nfy (L — D} |
0,sin(27fs), ..., sin{2nfs (L — 1)}

and the response vector as f = [1,1,0,0]”. The filters are as-
sumed to be of length L = 9. The results are obtained by en-
semble-averaging over 103 independent runs. The desired
signal is zero. The optimal solution is calculated as
w =P 1C(CTP1C)If where ¥ = E[x,x%] and E[-] de-
notes the expectation operation [4]. We also set A = 0.99,
M =16,and H = 0.1.

In Fig. 1, we compare the misalignment curves, i.e.,

E[ll® — w,||?], of the CRLS algorithm and the proposed al-
gorithm with different values of N and u = 30. In Fig. 2, we
plot the constraint mismatch, i.e., E[||CTw, — f||?], of the
proposed algorithm as a function of u with N = 16. Fig. 3
depicts the frequency response of the filters after 400 itera-
tions when 4 = 20 and only a single iteration of the DCD
algorithm is exercised at each time instant, i.e., N = 1.

In this experiment, the numbers of required multiplications
and additions at each iteration by the CRLS algorithm are
respectively 733 and 635 while for the proposed algorithm
with N = 16 the respective numbers are 99 and 491.

V. CONCLUSION

We have used the method of weighting and the DCD itera-
tions to develop a new constrained recursive least squares
algorithm, which we call RC-CRLS. The new algorithm re-
quires considerably less arithmetic operations than the pre-
viously proposed CRLS algorithm while, despite the approx-
imate nature of the method of weighting and the DCD algo-
rithm, it can be easily tuned to perform almost as well as
CRLS. This can be explained in view of the fact that, at each
iteration, an LS-type adaptive filter seeks an approximate so-
lution to an overdetermined problem based on current and
previous noisy observations. Hence, if the imprecision intro-
duced by an incorporated approximate technique, such as the
method of weighting, constitutes only a small portion of the
total error, it will not have a noticeable impact on the overall
performance of the adaptive filter.

We observe that a larger value of the weighting parameter,
U, results in a lower constraint mismatch, i.e., better satisfac-
tion of the constraints. However, it should be noted that a
large u can make the associated SLE hard to solve necessitat-
ing a large N, hence requiring a large number of addition op-
erations at each iteration. Therefore, there exists a trade-off
between the convergence performance, satisfaction of the
constraints, and complexity of the proposed algorithm.
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TABLE I
THE RC-CRLS ALGORITHM.

Initialization

R, =4I,

W, = C(CTCO)'f

r,=0

T = u2cc’

U= (1-2)u?C

At iterationn = 1,2, ...
R, = AR,_; + XX}
®, =R, +T
en = dy —Wi_iX,
Pn = Arn—l + X6, + u(f - CTwn—l)
solve ®,AW,, = p,, and obtain AW,, and 1,
W, = W,_; + AW,

TABLE II
THE DCD ALGORITHM SOLVING ®, AW, = p,,.

Initialization
m=1a= H/Z
Aw, =0
Iy = Pn
Fork=1.2,..,N
p = argmax;—; _,{|r[}
while [r7] < S ®77 and m < M
m=m+1,a=a/2
ifm>M
algorithm stops
AWY = AWY + sign{r}a
r,=Tr, — sign{Tf}aq’v&p)

misalignment

Fig. 1. Misalignment of the CRLS algorithm and the RC-CRLS algorithm
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