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Abstract—The aim of this paper is to propose a hierarchical
convex optimization for selecting a high fidelity image from
possible solutions of a convex optimization problem associated
with existing image recovery methods. Image recovery problems
have been cast in certain convex optimization problems which
have infinitely many solutions in general. However, existing
convex optimization algorithms are designed to reach one solution
randomly, and hence can not select a solution corresponding
to a high fidelity image from the possible solutions. In this
paper, we propose to select a high fidelity image by solving
a newly-formulated hierarchical convex optimization problem.
This problem is a constrained minimization of a convex criteria
over the solution set of all images which are optimal in the
sense of any existing image recovery method. The hierarchical
convex optimization problem is efficiently solved by a proposed
iterative scheme based on the hybrid steepest descent method
with the help of a nonexpansive mapping related to the Douglas-
Rachford splitting type algorithms. Numerical results indicate
that our method appropriately selects a recovered image of high
fidelity in the case of inpainting and compressed sensing recovery.

I. INTRODUCTION

Many image recovery problems, such as denosing, deblur-
ring, inpainting, and compressed sensing, are stated as an in-
verse problem where an unknown original image uorg ∈ RN0

is estimated from an observation v ∈ RK(≤N0) which is
degraded by a certain linear operator Φ ∈ RK×N0 and con-
taminated by a noise which is not necessarily additive. Such
an inverse problem has been solved efficiently by formulating
them as various convex optimization problems which exploit
certain prior knowledge on the unknown original image.

In the last decade, convex optimization-based image re-
covery has gained considerable attention, and many methods
have been studied, for example, in [1], [2], [3], [6], [8],
[9], [10], [14], [15], [16], [17], [18], [20]. Their associated
convex optimization problems can be included in the following
problem.

Problem I.1 Let Ak (k = 1, . . . , p) be a linear operator from
RN0 to RNk , and let Fk ∈ Γ0(RN0) (k = 0, . . . , p) be a proper
lower semicontinuous convex function1 from RNk to (−∞,∞]

1Let H be a real Hilbert space with its inner product ⟨·, ·⟩ and norm
∥ · ∥ =

√
⟨·, ·⟩. A function f : H → (−∞,∞] is called proper lower

semicontinuous convex if dom(f) := {x ∈ H | f(x) < ∞} ̸= ∅,
lev≤α(f) := {x ∈ H | f(x) ≤ α} is closed for every α ∈ R, and
f(λx + (1 − λ)y) ≤ λf(x) + (1 − λ)f(y) for every x,y ∈ H and
λ ∈ (0, 1), respectively. The set of all proper lower semicontinuous convex
functions is denoted by Γ0(H). Euclidean space RNk is an instance of a real
Hilbert space.

(a) Ordinary (b) High fidelity

Fig. 1. (a) Ordinary case: a recovered image without our technique in which
straight-line patterns are still corrupted. (b) High fidelity case: a selected
recovered image by using our technique which has clear edges and lines
compared to (a). Note that both of two are the solutions of the same problem.

whose proximity operator (see section II-A) is computable.
Then the problem is finding

u⋆ ∈ S := arg min
u∈RN0

{
F0(u) +

p∑
k=1

Fk(Aku)

}
. (1)

Generally, the solution of the problem (1) is not neces-
sary unique because there are many cases where F0(u) +∑p

k=1 Fk(Aku) in (1) does not become strictly convex2 over
RN0 . This leads to the co-existence of solutions correspoinding
to “ordinary” and “high fidelity” images. One of the typical
cases can be found in the total variation-based (TV-based)
recovery (e.g., [1], [3]). Although the TV-based recovery is
an effective approach, there exist both types of solutions. We
show an example in Fig. 1. Noticeable artifacts (disconnected
pattern) remain in Fig. 1(a). In contrast, Fig. 1(b) preserves
clear straight-lines.

Unfortunately, existing image recovery methods based on
the formulation of type (1) are only designed to find one
solution randomly, because it is even difficult (require some
iterative scheme) to reach S. This fact implies that if there
exists a technique which can always “select” a solution corre-
sponding to a high fidelity image from S, we can improve the
performance of all convex optimization-based image recovery
methods based on (1) by applying the selection technique.

In this paper, we propose such a selection technique based
on the following hierarchical convex optimization problem.

Problem I.2 (Solution selection of Problem I.1) Let φ :
RN0 → R be a differentiable convex function with β-Lipschitz

2A function f ∈ Γ0(H) is called strictly convex if f(λx+ (1− λ)y) <
λf(x) + (1− λ)f(y) for every x ̸= y and λ ∈ (0, 1).



continuous gradient for some β ∈ (0,∞), i.e., for every
x,y ∈ RN , ∥∇φ(x) − ∇φ(y)∥2 ≤ β∥x − y∥2. Then the
problem is finding

u⋆⋆ ∈ arg min
u⋆∈S

φ(u⋆). (2)

This problem is equivalent to find a minimizer of the “selector”
φ, which is designed to take a smaller value at an image of
higher fidelity, among the solution set of Problem I.1. Hence,
solving Problem I.2 corresponds to selecting a high fidelity
image among all possible recovered images. To tackle this
problem, we utilize the fact that the solution set S can be ex-
pressed in terms of the fixed point set of a certain nonexpansive
mapping3 derived from the Douglas-Rachford splitting type
algorithms (e.g., [8], [11]). Thanks to this characterization, we
can efficiently solve Problem I.2 by using the hybrid steepest
descent method (e.g., [22], [23]) (see, Section II-C).

The rest of this paper is organized as follows. In the next
section, we introduce basic mathematical tools used in our
technique. Then, we propose the selection technique in Section
III. We also present the case of the TV-based recovery in the
same section where our technique works effectively. Corre-
sponding numerical results are shown in Section IV. Finally,
we conclude the paper in Section V with some remarks.

II. PRELIMINARIES

A. Proximity Operator and Moreau envelope
We utilizes the notion of the proximity operator and the

Moreau envelope [13], [25] in our technique.

Definition II.1 (Proximity operator) The proximity opera-
tor of index γ ∈ (0,∞) of f ∈ Γ0(H) is defined by

proxγf : H → H : x 7→ arg min
y∈H

{
f(y) +

1

2γ
∥x− y∥2

}
,

where the existence and the uniqueness of the minimizer
are guaranteed respectively by the coercivity4 and the strict
convexity of f(·) + 1

2γ ∥x− ·∥2.

Definition II.2 (Moreau envelope and its derivative)
Every function f ∈ Γ0(H) can be approximated with any
accuracy by

γf : H → R : x 7→ min
y∈H

{
f(y) +

1

2γ
∥x− y∥2

}
= f

(
proxγf (x)

)
+

1

2γ

∥∥x− proxγf (x)
∥∥2 , (3)

which is called the Moreau envelope of index γ ∈ (0,∞) of
f . γf is differentiable and its gradient

∇γf(x) : H → H : x 7→
x− proxγf (x)

γ
, (4)

is γ−1-Lipschitzian5.

3A mapping T : H → H is called nonexpansive if ∥T (x) − T (y)∥ ≤
∥x− y∥ for every x,y ∈ H. Fix(T ) := {x ∈ H | T (x) = x} is called the
fixed point set of T .

4A function f ∈ Γ0(H) is called coercive if ∥x∥ → ∞ ⇒ f(x) → ∞.
5A mapping T : H → H is called κ-Lipschitzian if ∥T (x) − T (y)∥ ≤

κ∥x− y∥ for some κ > 0 and every x,y ∈ H.

B. Douglas-Rachford Splitting

In recent years, the Douglas-Rachford splitting type algo-
rithms (e.g., [8], [11]) have been studied and applied to convex
optimization problems. Let f1, f2 ∈ Γ0(H) satisfy

U := arg min
x∈H

{f1(x) + f2(x)} ̸= ∅. (5)

The Douglas-Rachford splitting type algorithms use in princi-
ple the following characterization: for any δ ∈ (0,∞)

U =
{

proxδf2
(y) ∈ H| y ∈ Fix

(
rproxδf1

rproxδf2

)}
(6)

which means that U can be expressed as the image of
proxδf2 of the fixed point set of the nonexpansive mapping
rproxδf1 rproxδf2

, where rproxδf := 2proxδf − I (I denotes
the identity operator).

C. Hybrid Steepest Descent Method

The hybrid steepest descent method (e.g., [22], [23]) is
known as an algorithm for solving the following convex
optimization problem.

Problem II.1 Let T : H → H be a nonexpansive mapping
whose fixed point set is nonempty. Suppose that Θ ∈ Γ0(H) is
differentiable with gradient ∇Θ which is κ-Lipschitzian over
T (H) := {T (x) ∈ H | x ∈ H}. Then the problem is finding

x⋆ ∈ Ω := arg min
x∈Fix(T )

Θ(x). (7)

The hybrid steepest descent method

xn+1 := T (xn)− λn+1∇Θ(T (xn)) (8)

is an simple algorithmic solution to Problem (7), where
(λn)n>1 ⊂ [0,∞) is a slowly decreasing nonnegative se-
quence (e.g., λn = 1

n , see Section 17.3.2 of [23] for details).

III. PROPOSED METHOD

A. General Case

First, we characterize the solution set S in (1) by the form of
(6). Let X = RN0×· · ·×RNp be a real Hilbert space where the
inner product ⟨·, ·⟩X : X×X → R and its induced norm ∥·∥X
are defined as ⟨(x0, . . . ,xp), (y0, . . . ,yp)⟩X := xt

0y0 + · · ·+
xt
pyp, ∥(x0, . . . ,xp)∥X :=

√
⟨(x0, . . . ,xp), (x0, . . . ,xp)⟩X ,

for (x0, . . . ,xp), (y0, . . . ,yp) ∈ X , respectively. Define D :=
{(u,A1u, . . .Apu) | u ∈ RN0} ⊂ X and

f1(z0, . . . , zp) := F0(z0) +

p∑
k=1

Fk(zk), (9)

f2(z0, . . . , zp) := ιD(z0, . . . , zp), (10)

where ιD denotes the indicator function of D given by

ιD(x) :=

{
0, if x ∈ D,

∞, otherwise.
(11)

Then by (5) for H := X , we obtain

u⋆ ∈ S ⇔ (z⋆0, . . . , z
⋆
p) ∈ U, (12)



where

U := arg min
(z0,...,zp)∈H

{f1(z0, . . . , zp) + f2(z0, . . . , zp)},

(13)

and z⋆0 = u⋆. Hence by (6), we have the characterization:

U :=
{

proxδf2(z0, . . . , zp) | (z0, . . . , zp) ∈ Fix(T )
}
, (14)

where T := rproxδf1
rproxδf2

. Note that proxδf2
is equivalent

to the metric projection onto D given by

PD(z0, . . . , zp)

:= arg min
(x0,...,xp)∈D

∥(x0, . . . ,xp)− (z0, . . . , zp)∥X

= (uD,A1uD, . . . ,ApuD), (15)

where

uD = arg min
u∈RN0

{
∥u− z0∥22 +

p∑
k=1

∥Aku− zk∥22

}

=

(
IN +

p∑
k=1

At
kAk

)−1(
z0 +

p∑
k=1

At
kzk

)
(16)

((·)t denotes the transposition and IN ∈ RN×N the identity
matrix).

Next, let

Θ(z0, . . . , zp) := φ ◦ L ◦ PD(z0, . . . , zp), (17)

where L : X → RN : (x0, . . . ,xp) 7→ x0. Then, we
can reformulate our target hierarchical convex optimization
problem (2) into the following problem which is finding

(z⋆⋆0 , . . . , z⋆⋆p ) ∈ arg min
(z⋆

0 ,...,z
⋆
p)∈Fix(T )

Θ(z⋆0, . . . , z
⋆
p), (18)

where L ◦ PD(z⋆⋆0 , . . . , z⋆⋆p ) = u⋆⋆. We remark that since
L ◦ PD is a linear operator, ∇Θ can be derived explic-
itly as long as φ is differentiable (also mentioned in the
concluding remarks of [23]). Hence, we can solve Problem
I.2 by applying the hybrid steepest descent method to the
problem (18) on the condition that proxδf1(z

⋆
1, . . . , z

⋆
p) =

(proxδF1
(z1), . . . , proxδFp

(zp)) is computable. The obtained
iterative scheme based on the hybrid steepest descent method
for solving (18) is shown in Algorithm III.1.

B. Application to Total Variation-Based Recovery

In this section, we present the proposed technique special-
ized for the TV-based recovery. We focus on the following
hierarchical convex optimization problem.

Problem III.1 (Solution selection of Problem III.2)

Find u⋆⋆ ∈ arg min
u⋆∈STV

γ∥Fu⋆∥1, (19)

where STV is the solution set defined in Problem III.2, γ∥ · ∥1
the Moreau envelope of the ℓ1 norm (see, Definition II.2) and
F ∈ RM×N (M ≥ N , N(= nhnv) denotes the number of
pixels) a certain tight frame satisfying FtF = IN .

Algorithm III.1 (Algorithm for solving (18))
1: Set i, j = 0, and choose u0 ∈ RN0 , γ, δ, ε ∈ (0,∞).
2: z0 = u0

3: for i = 1 to p do
4: z

(0)
i = Aiu0

5: end for
6: while a stop criterion is not satisfied do
7: λ = 1

j+1

8: u
(j)
D = L ◦ PD(z

(j)
0 , . . . , z

(j)
p )

9: t
(j)
0 = 2u

(j)
D − z

(j)
0

10: t
(j)
0 = 2proxδF0

(t
(j)
0 )− t

(j)
0

11: for i = 1 to p do
12: t

(j)
i = 2Aiu

(j)
D − z

(j)
i

13: t
(j)
i = 2proxδFi

(t
(j)
i )− t

(j)
i

14: end for
15: (g

(j)
0 , . . . ,g

(j)
p ) = ∇Θ(t

(j)
0 , . . . , t

(j)
p )

16: for i = 0 to p do
17: z

(j+1)
i = t

(k)
i − λg

(j)
i

18: end for
19: j = j + 1
20: end while
21: Output L ◦ PD(z

(j)
0 , . . . , z

(j)
p )

This problem is designed for selecting a high fidelity image
from all the solutions of Problem III.2. As the selector φ, we
employ the Moreau envelope of the ℓ1 norm of the coefficients
of a tight frame F. This is because we expect to select a
recovered image in STV with clear edges and contours (see
Fig. 1(b)) by utilizing a tight frame F which provides a sparse
representation of these components (e.g., curvelet [4]). Note
that γ∥·∥1 is differentiable and its gradient is γ−1-Lipschitzian
(see Definition II.2).

Problem III.2 (TV-based recovery [1], [3]) Let
v = Φuorg + η ∈ RK be a degraded observation
where uorg ∈ RN is an original image, and η the additive
white Gaussian noise. Define

C[0,255] := {x ∈ RN | xi ∈ [0, 255] for i = 1, . . . , N}, (20)

Cv,ε := {x ∈ RK | ∥x− v∥2 ≤ ε}. (21)

The TV-based recovery is finding

u⋆ ∈ STV := arg min
u∈RN

{
∥u∥TV + ιC[0,255]

(u) + ιCv,ε(Φu)
}
,

(22)

where ∥ · ∥TV :=
∑

i,j

√
(∇1·)2 + (∇2·)2 is the isotropic total

variation (TV), ∇1,∇2 ∈ RN×N the discrete vertical and
horizontal gradient operators defined by

(∇1x)i,j =

{
xi+1,j − xi,j , if i < nv,

x1,j − xi,j , if i = nv,

(∇2x)i,j =

{
xi,j+1 − xi,j if j < nh,

xi,1 − xi,j if j = nh.



Now, let L : RN × RN × RK → RN : (x0,x1,x2) 7→ x0,

D := {(u,u,Φu) | u ∈ RN}, (23)
f1(z0, z1, z2) := ∥z0∥TV + ιC[0,255]

(z1) + ιCv,ε(z2), (24)

f2(z0, z1, z2) := ιD(z0, z1, z2), (25)
Θ(z0, z1, z2) :=

γ∥FL(PD(z0, z1, z2))∥1. (26)

Then, Problem III.1 can be reformulated into a form of (18),
and hence can be solved by the proposed algorithm. Algorithm
III.1 specialized for Problem III.1 is shown in Algorithm
III.2, and the implementation of each step of the algorithm
is summarized in Remark III.1.

Algorithm III.2 (Algorithm for solving (19))
1: Set i, j = 0, and choose u0 ∈ RN , γ, δ, ε ∈ (0,∞).
2: z

(0)
0 = u0

3: z
(0)
1 = u0

4: z
(0)
2 = Φu0

5: while a stop criterion is not satisfied do
6: λ = 1

j+1

7: (u
(j)
D ,u

(j)
D ,Φu

(j)
D ) = PD(z

(j)
0 , z

(j)
1 , z

(j)
2 )

8: t
(j)
0 = 2u

(j)
D − z

(j)
0

9: t
(j)
0 = 2proxδ∥·∥TV

(t
(j)
0 )− t

(j)
0

10: t
(j)
1 = 2u

(j)
D − z

(j)
1

11: t
(j)
1 = 2proxδιC[0,255]

(t
(j)
1 )− t

(j)
1

12: t
(j)
2 = 2Φu

(j)
D − z

(j)
2

13: t
(j)
2 = 2proxδιCv,ε

(t
(j)
2 )− t

(j)
2

14: (g
(j)
0 ,g

(j)
1 ,g

(j)
2 ) = ∇(γ∥ · ∥1 ◦ F ◦ L ◦ PD)(t

(j)
0 , t

(j)
1 , t

(j)
2 )

15: z
(j+1)
0 = t

(k)
0 − λg

(j)
0

16: z
(j+1)
1 = t

(k)
1 − λg

(j)
1

17: z
(j+1)
2 = t

(k)
2 − λg

(j)
2

18: j = j + 1
19: end while
20: Output u(j)

D

Remark III.1 (Notes of the implementation)
• proxδ∥·∥TV

: We observe that the computation of the prox-
imity operator of ∥ · ∥TV is equivalent to the computation
of the minimizer of the well-known TV denoising model
called the ROF [19]. The minimizer of the ROF model
can be well approximated by the projected gradient type
methods (e.g., [2], [5], [24]).

• proxδιC[0,255]
: The proximity operator of ιC[0,255]

is the
metric projection onto C[0,255] given by

[PC[0,255]
(x)]i =


0, if xi < 0,

xi, if 0 ≤ xi ≤ 255,

255, if xi > 255,

(27)

for i = 1, . . . , N .
• proxδιCv,ε

: The proximity operator of ιCv,ε is the metric
projection onto Cv,ε given by

PCv,ε(x) =

{
x, if ∥x− v∥2 ≤ ε,

v + ε x−v
∥x−v∥2

, otherwise.
(28)

• ∇γ∥FL(PD(·))∥1: By (4), the gradient of γ∥·∥1 is given
by

∇γ∥x∥1 =
x− proxγ∥·∥1

(x)

γ
, (29)

where proxγ∥·∥1
is given by the so-called soft-

thresholding [12], i.e.,

[proxγ∥·∥1
(x)]i =


xi − γ, if xi > γ,

xi + γ, if xi < −γ,

0, if |xi| ≤ γ,

(30)

for i = 1, . . . ,M . From the chain rule, we can derive the
gradient of γ∥FL(PD(·))∥1 explicitly as

∇(γ∥ · ∥1 ◦ F ◦ L ◦ PD)(x0,x1,x2)

= PD

(
uD − Ftproxγ∥·∥1

(FuD)

γ
,0,0

)
, (31)

where

uD = L(PD(x0,x1,x2))

= arg min
u∈RN

{∥u− x0∥22 + ∥u− x1∥22 + ∥Φu− x2∥22}

=
(
2IN +ΦtΦ

)−1 (
x0 + x1 +Φtx2

)
. (32)

IV. NUMERICAL EXPERIMENTS

In this section, we show the efficacy of the proposed
selection technique in the case of the TV-based recovery
described in Section III-B through inpainting and compressive
sensing recovery. We use five standard images (256 × 256
[pixels]; thus N = 65, 536) for test images. We employ the
discrete curvelet transform with 4 scale and 16 angles [4] for
a tight frame F in (19).

In the inpainting experiments, v ∈ RK is an image with
missing pixels, and Φ = M ∈ RK×N is a masking operator
which comprises a subset of the rows of the identity matrix.
The test images are corrupted with about 40% of their original
pixels (i.e., K ≈ 0.6N ) without any noise, i.e, ε = 0. The
parameters γ, δ are set to 1.0× 10−3.

In the compressive sensing recovery experiment, v ∈ RK

is incomplete measurements, and Φ ∈ RK×N is a certain
random sampling operator. We employ the noiselet random
sampling matrix for Φ = MΨ where Ψ ∈ RN×N is the
orthogonal noiselet transform matrix [7] satisfying ΨtΨ =
ΨΨt = IN . The number of measurements is about 40% of the
number of pixels of the original image (i.e., K ≈ 0.4N ) and
the white Gaussian noise whose standard deviation σ = 2.55
is added. We choose ε = ∥v −Φuorg∥2. The parameter γ, δ
are set to 1.0× 10−3 same as the inpainting experiment.

For comparison, we consider the following two cases.
• Optimizing Problem III.2 without the proposed selection

technique. This is to verify that the proposed method
appropriately selects a solution corresponding to a high
fidelity image from STV.

• Optimizing the following problem without the proposed
selection technique.



TABLE I
COMPARISON OF PSNR[DB] AND SSIM OF THE INPAINTING EXPERIMENT.

`````````Method
Test image Barbara Boat Cameraman Lena Mandrill

PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM
TV-based without our technique 26.69 0.9050 33.53 0.9528 29.10 0.9410 32.89 0.9578 27.99 0.8694

TVC-based (w = 1) 30.26 0.9507 35.91 0.9713 30.33 0.9466 33.73 0.9646 28.40 0.8793
TVC-based (hand-optimized w) 32.68 0.9655 36.20 0.9733 30.46 0.9477 33.86 0.9657 28.50 0.8820
TV-based with our technique 32.93 0.9674 36.48 0.9747 30.53 0.9475 33.93 0.9658 28.54 0.8819

TABLE II
COMPARISON OF PSNR[DB] AND SSIM OF THE COMPRESSIVE SENSING RECOVERY EXPERIMENT.

hhhhhhhhhhhhMethod
Test image Barbara Boat Cameraman Lena Mandrill

PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM
TV-based without our technique 26.18 0.7854 33.54 0.9161 32.61 0.9065 32.80 0.9127 26.49 0.7286

TVC-based (w = 1) 29.25 0.8581 34.08 0.9266 31.25 0.8814 32.95 0.9217 26.54 0.7420
TVC-based (hand-optimized w) 29.86 0.8931 34.32 0.9299 31.53 0.8848 33.20 0.9244 26.92 0.7565
TV-based with our technique 30.18 0.8996 34.22 0.9288 32.72 0.9096 33.33 0.9258 26.93 0.7559

Problem IV.1 (TV-Curvelet(TVC)-based recovery)
Let w ∈ (0,∞). The problem is finding

ũ⋆ ∈ STVC :=

arg min
u∈RN

{∥u∥TV + w∥Fu∥1 + ιC[0,255]
(u) + ιCv,ε(Φu)}.

The objective function of the TVC-based recovery is the
weighted sum of the form of the TV-based recovery (22)
and the selector in (19) (without Moreau envelope). This
is to check whether we can restore a higher quality image,
by optimizing the hierarchical formulation (Problem III.1)
or by optimizing the weighted-sum formulation (Problem
IV.1). Note that the solution set of Problem IV.1 is varied
depending on w (clearly STVC = STV in case of w = 0).
We should remark that the proposed technique can be
applied to Problem IV.1: we can also select a high fidelity
image from STVC by using our technique with a suitable
design of the selector.

The optimization problems in the above two cases are solved
by the Douglas-Rachford type algorithm. The iteration num-
bers of Algorithm III.2 and the Douglas-Rachford type algo-
rithm are fixed to 500.

Tab. I and II show the comparison of PSNR [dB] and SSIM
[21] of the results of the inpainting and compressive sensing
recovery experiments, respectively. First, we found that all
results restored by the TV-based recovery with our selection
technique achieve higher PSNR and SSIM than those without.
This fact implies that a high fidelity image can be selected
appropriately by using our proposed selection technique. Sec-
ond, from comparison between the results of the TVC-based
recovery using w = 1 and those using a hand-optimized
w, we found that the TVC-based recovery is sensitive to w
(note that the hand-optimized w is different from each test
image). On the other hand, the TV-based recovery with the
proposed selection technique is free from the weight tuning
because there does not exist any parameter corresponding to w.
Moreover, as indicated in the tables, the recovery performance
of the TV-based recovery with our selection technique is
better for most of the images than that of the TVC-based
recovery using the hand-optimized w in the both experiments.
These observations imply that a simple (free from weight
tuning) but very powerful (high recovery performance) image

recovery method is obtained by formulating the hierarchical
optimization and applying our selection technique rather than
by formulating the weighted-sum of different convex priors.

We depict the result images of the inpainting experiment
on the test image ‘Barbara’ in Fig. 2. Fig. 2(b) is restored by
the TV-based recovery without our selection technique whose
striped patterns are still corrupted. On the other hand, by
using our selection technique, these patterns are seen to be
restored efficiently as shown in Fig. 2(c). The result images
of the compressive sensing recovery experiment on the test
image ‘Lena’ are presented in Fig. 3. Note that Fig. 3(a)
is the reconstructed image Φ†v (Φ† denotes the Moore-
Penrose pseudo inverse of Φ) instead of v itself, because v
is random sampled noiselet coefficients and is meaningless
to human eyes. We notice that there exist staircase effects in
the recovered image of the TV-based recovery without our
technique (Fig. 3(b)). By contrast, Fig. 3(b), where we used
our selection technique, is seen to have clear edges and lines
without any noticeable visual artifact.

V. CONCLUSION

We have proposed a technique for selecting a high fidelity
image from the solution set of a convex optimization prob-
lem associated with existing image recovery methods. Our
proposed hierarchical convex optimization problem has been
designed for selecting a solution corresponding to a high
fidelity image among all possible solutions of the convex
optimization problem. Thanks to the characterization of the so-
lution set by using the nonexpansive mapping derived from the
Douglas-Rachford splitting type algorithms, we could utilize
the hybrid steepest descent method for solving the hierarchical
optimization problem. The numerical results have revealed not
only that our technique appropriately selects a high fidelity
image, but also that optimizing the hierarchical problem by
using our technique achieves high recovery performance even
it is free from any weight tuning.

Finally we remark again: our selection technique can be
integrated with all image recovery methods whose convex
optimization problems can be solved by the Douglas-Rachford
type algorithms, and improve their performance by our tech-
nique with a suitable design of the selector, for example, the



(a) v. (b) Without our technique. (c) With our technique.
Fig. 2. ‘Barbara’ images of the inpainting experiment: (a) shows the image with 60% pixels. There exist certain artifacts (disconnected patterns) in (b) which
is the result of the TV-based recovery without our selection technique. In contrast, a recovered image with clear edges and contours is obtained by applying
our selection technique to the TV-based recovery as shown in (c).

(a) Φ†v. (b) Without our technique. (c) With our technique.
Fig. 3. ‘Lena’ images of the compressed sensing recovery experiment: (a) is the reconstructed image by using the pseudo-inverse of Φ from the noisy
randomly-sampled measurements v. Compared to result (b), there is no staircasing effects in (c) selected by our technique.

regularization function proposed in [15], [17] may be also
useful for selecting a high fidelity image with textures.
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