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Abstract— Nonlinear adaptive filters are getting more
common and are useful especially where performance of linear
adaptive filters may be unacceptable. Such areas include
communications, image processing and biological systems.
Quaternion valued data has also been drawing recent interest in
various areas of statistical signal processing, including adaptive
filtering, image pattern recognition, and modeling and tracking
of motion. The benefit for quaternion valued processing includes
performing data transformations in a 3 or 4-dimensional space
in a more convenient fashion than using vector algebra.

In this paper we describe an alternative kernel adaptive filter
for quaternion valued data we refer to as the involution

Quaternion Kernel Least Mean Square (iQuat-KLMS) algorithm.

The approach is based on the Quaternion KLMS (Quat-KLMS)
algorithm obtained previously, as well as the recently-developed
involution gradient (i-gradient). A modified HR Calculus for
Hilbert spaces is used for finding cost function gradients defined
on a quaternion RKHS. Simulation tests with a synthetic
quaternion channel are used to verify the benefit of iQuat-
KLMS in convergence compared to Quat-KLMS.

I. INTRODUCTION

Interest in nonlinear adaptive filtering has become more
prevalent, providing benefit in modeling real-world physical
processes which often contain nonlinearities. The references
[1-5] describe the design of these filters.

Quaternions for statistical signal processing have also been
drawing increasing interest in applications such as image
pattern recognition, and modeling/tracking of motion [6-10].
For example, linear and widely linear adaptive filters using
quaternions can be found in references [6], [7], and gradient
operations for obtaining them, referred to as HR calculus, are
described in [8], [9].

Processing using quaternions allows data transformations
in 3 or 4-dimension space to be performed conveniently vs.
vector algebra. The multiplication operation for quaternions
differs from real/complex multiplication in that quaternion
multiplication is non-commutative, making the gradient
operation challenging.

Here we describe an alternative kernel adaptive filter for
quaternions. The method is based on the Quaternion Kernel
Least Mean Square (Quat-KLMS) algorithm derived in [11],
which is summarized here. The new approach makes use of
the involution gradient (or i-gradient) of [9], and is referred to
as the involution Quaternion Kernel LMS (iQuat-KLMS).

The paper is organized as follows. In Section II
background on quaternion-valued data is provided. Section III
describes the approach for kernel adaptive filtering with
quaternions. Section IV describes the derivation of Quat-
KLMS and the iQuat-KLMS using the i-gradient. Section V
provides simulation results showing the improvement in
convergence of iQuat-KLMS for learning quaternion channels
with nonlinearities. Tests include synthetic quaternion
channels with nonlinearity, as well as practical EEG data.
Finally, Section VI concludes the paper.

II. BACKGROUND ON QUATERNION DATA

Here we provide a brief description on quaternion data
properties. More information may be found from [6-8].
A quaternion input vector may be expressed
X(n) = X (n) + ix,(n) + jx(n) + kxn) M
where x,(n), x,(n), x(n), and x,(n) are real-valued vectors,
and i, j, and k are orthogonal unit direction vectors comprising
the quaternion input (where i*=j"=k’= -1). Their multiplication
is also non-commutative, i.e. ij=-ji=k, jk=-kj=i, and ki=-ik=j.
It was shown previously that the following three
perpendicular quaternion involutions may be formed [2]:
X'(n) = -ix(n)i = X (n) + ixp(n) - jX () - kx(n)
X/(n) = jX(n)j = X,(n) - iXp(n) + jX(n) - kxy(n) 2
x(n) = -kx(n)k = X,(n) - ixp(n) - jxc(n) + kxo(n)
which can be used to determine components X,(n), X,(n), X.(n),
and x,4(n), as well as form a basis (when combined with x(n))
for the gradient operations to be described. They can also be
used to express the conjugate for quaternion data, which is:

X' (n) = %(x'(n)+xf(n)+xk (n)—x(n)) &)

The perpendicular involutions, conjugation operation will
be used for the analysis.

III. COMBINING QUATERNIONS WITH KERNEL METHODS

To develop kernel adaptive filtering algorithms for
quaternions, we proceed as follows. For the kernel filter, the
goal is to estimate the channel output, where the desired
response is of form: d(n) = f (x(n)) + w(n). The channel
function f(.) here is some unknown nonlinear quaternion-

valued function and v(n) is additive noise. The estimator form
is:



cig (n) =< ®(x(n)), W, >p “
where x(n) is the quaternion-valued input vector, and w, the
quaternion-valued weight vector. The notation @(.)is a kernel
transform mapping of the input to a quaternion RKHS, and
<.,.>, the inner product for this RKHS which is denoted by

Q@ here.

To proceed we require a description of a quaternion RKHS,
which is summarized here. A detailed description of the
approach used for obtaining kernel functions suitable for
quaternion-valued data can be found in [11].

A function x can be seen to be a non-negative definite
kernel (or simply a kernel) if it satisfies the Mercer condition
[5], [10]. In other words, ¥ may be seen to be a valid kernel if

x(u,v) = p(v)" p(u) )
where u, v are the quaternion inputs, and ¢(.) an arbitrary
mapping to a RKHS for the quaternion input. Equation (10)
forms the definition of the inner product of u, v in the RKHS.

A suitable kernel for quaternions, shown in Appendix A, is

K, o (x,w) = 4exp(—0'22i:1|xl.—W,|2) ©)

We note this kernel function, though suitable for quaternion
data, is designed using a real-valued RKHS. This fact was
found to aid the derivation of the Quat-KLMS.

IV. QUATERNION AND IQUATERNION KERNEL LMS
ALGORITHMS

For the Quat-KLMS, the algorithm’s goal is finding
weights, based on (4), minimizing the mean square error,

Elle(m)], where e(n)=d(n)~d,(n) , with d(n) being the
desired response, and gQ(,,) the estimator output. Using an

LMS-based approach, the instantaneous square error \e(n)|2 is
used for the cost function instead. The weight update has the
form:

Wo(m)=wo(n=1)-nV, e} )

is the gradient with respect to w,, .

*

wherey

Expanding the gradient expression yields
V, {lem) Py = Vw(,*{ld(n)—«i)(X(n)),WQ >’}
V., Adn)-< D(x(1), W, > )(d(m)— < D(x(1), W, >)'}
=V, Adn)-< D(x(m), W, >0 )(d (0= < Wy, B(X(m)) >,)}

At this point, we consider that for the gradient operation
here, the function to be differentiated is defined on a
quaternion RKHS, and has a real-valued output. For this case,
the modified HIR Calculus obtained from [11] applies. A

description of this modified calculus, as well as the properties
used, may be found in Appendix B.

The resulting gradient can be seen to be
V., Aletm} = —@xm)e’ (n)+%e(m® (x(n)

The Quat-KLMS weight update can be written as
W () =Wy (n=D)+77(®(x(m)e’ (n) — L e(m®’ (x(n)) ©)

It was observed in [11] that use of weight update (9) to
form Quat-KLMS resulted in difficulty casting the algorithm
in inner products for use of the 'kernel trick' of [5], [12].

However, based on the RKHS mapping of Appendix A, the
Quat-KLMS estimates were found to be

L?Q (n)= nZ[(e(m)‘sq) ‘2 —%sq)e*(m)s@ ) L (xwmp (n),xmmp(m))} (10)

m=1
where x ,(.,.) is the real Gaussian kernel, and s, X, are
o,R
defined in Appendix A.

An alternative gradient may be obtained based on the
involution gradient (or i-gradient). The i-gradient uses an
alternative basis, which is shown to yield convergence benefit
in [9].

Use of the i-gradient yields (see Appendix C)

Y, Alem} = =3 @xm)e’ (n) (an

The weight update becomes

W, (n) =wQ(n—1)+n(%ci>(x(n))e*(n))

and for iteration n (assuming w(0)=0) we get
wo(n) =7 (P(xm)e’ (n))
m=1

where the scaling 3/2 is included in stepsize 7.
The resulting estimates become
d,y(n) =< ®(x(m),W, >,

- [ni(&xx(m))e*(m))} ®(x(n) (12)

m=1

=73 [e(m)®” (x(m)D(x(m) |

= Uzn: [e(m) K, oo (X(1), X(m)):|
m=1

which can be seen to have the same form as the Complex
Kernel LMS algorithm from reference [12], aside from the
quaternionic kernel (A.4) used. We refer to this as the
iQuaternion Kernel LMS (iQuat-KLMS) algorithm.

Simulation results comparing the performance of iQuat-
KLMS, Quat-KLMS are shown in Section V.

V. SIMULATIONS

We use a synthetic quaternion nonlinear channel of the
following form for simulations comparing iQuat-KLMS and
Quat-KLMS algorithms:.

The channel consisted of initial stage
2= u(n) + & u'(n) + g v/ (n) + g4 u(n)
+ by u(n-1) + hy W' (n=1) + by W(n-1) + hy vl (n-1)
followed by the nonlinearity
y=z+az +bz

where coefficients gy... g4, h1... h4, a, b are random-generated
quaternion values.

For quaternion input sequence u(n), the data was either of
the form:

u(n) = 0.5u,(n) + i0.5u,(n) + jO.5u(n) + k0.5u(n)



or:

u(n) = (428732 u,(n) + i(N2/32 )up(n) + j(/1/32 )u(n)
+ k(N1/32 Yuy(n)

where u,(n) to uyn) are white Gaussian noise with unit
variance. The former form is referred to as Q -proper, while
the latter is referred to as Q -improper. The notion of proper
refers to the dependence of the input probability distribution
to rotations [6], [7]. If the probability distribution is rotation
invariant, it is referred to as Q -proper, otherwise it is Q -
improper. Q -proper noise was also added at -17dBm.

Graphs of both iQuat-KLMS and Quat-KLMS for the
simulated channel are shown in Figures 1-2. For both
algorithms, the parameters used were # = 0.35 and 6 =/1/8 ,
which were found to yield best performance.

For both iQuat-KLMS and Quat-KLMS, the MSE reached
-14dBm for both Q -proper and Q -improper data. However,
an improvement in convergence can be seen based on use of
iQuat-KLMS vs. Quat-KLMS (converges 500-1000 iterations
sooner), while the steady-state MSE remains the same. This
is consistent with the discussion of Appendix C (as well as
reference [9]) on the benefit of i-gradient for improving the
convergence steepness with real cost functions.

VI. CONCLUSIONS

Here we described an alternative algorithm (the involution
Quaternion KLMS, or iQuat-KLMS) for kernel adaptive
filtering using quaternion data. The iQuat-KLMS was derived
using an alternative formulation of the gradient vs. the

iQuat-KLMS Algorithm {(Q-Proper Input)

= Quat-KLMS
iQuat-KLMS
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Fig. 1 Quat-KLMS Test with Q-Proper data
iQuat-KLMS Algorithm (Q-Improper Input)

| Quat-KLMS
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Fig. 2 Quat-KLMS Test with Q-Improper data

Quat-KLMS, which may be seen to provide improved
convergence for real-valued cost functions. Simulation tests
verified the benefit of the iQuat-KLMS approach.

APPENDIX A

For a Gaussian kernel for quaternions, we use the approach
of [11] for extending a real RKHS for quaternion data.
For the RKHS mapping, we use the rule:

@(x) = O(x, +ix, + jx, +kx,)
=®(x,,x,,x,,x,) (A.1)
=D(x,, X, X, X, ) +i-D(x,, %, X, X,)
+j'q)(xaaxbaxcaxd)+k'q)(xa5xbaxcaxd)
where @ is the mapping for quaternion x = x,, + ix, + jx, + kx,
and @ is the feature map of a real kernel X, defined
O(x,,x,,x,,x,)=Kk(-,(x,,%,,X,,x,)) - The mapping for each
real component of the quaternion output (based on the
components of the quaternion input) is chosen the same, i.e.
feature map @ of real kernel K. The resulting RKHS, @, we
refer to as a quaternion-extended RKHS.
The mapping can be simplified to
&)()C) :(I)(xaaxbaxca‘xd)+i'(I)('xaa'xbaxmxd)
+j-D(x,,x,,x.,x,)+k-D(x,,x,,x.,X,) (A2)
=(+i+j+k)-D(x,,x,,x,,x,)

due to the fact the kernel transform mapping ®(x,,x,,x,,x,)

is the same for each orthogonal direction 1, i, j, k. Note the
mapping for a real kernel function is to a real-valued RKHS.

The inner product in RKHS @ can be expressed as
<O(x),D(W) >, =0 (W)D(x)
:(IJT(wu,Wb,w(‘,Wd)CI)(xa,xb,xc,xd)‘l—i—j—k‘2
=4 K ((X,, X5 X, X )y (W, W, , W, W)
where w = w, + iw, + jw, + kw, and x = x, + ix, + jX. + kx,
are quaternion data vectors.

The result shows any linear method formed by quaternion
inner products (i.e. w’x) can be converted to a nonlinear
method by replacing each of the inner products using a real
kernel, whose arguments are the components of inputs x,w, i.e.
x((x,,X,,X,,X,), (W,,w,,w_,w,)). This forms an alternative
RKHS for nonlinear filtering with quaternions.

With real Gaussian kernel

v d r
K, o u) = exp(-07) " (u,~u,))
The quaternion-extended real Gaussian kernel (or Quat-Ex
Gaussian kernel for short) is:

d
Knga (x, w) = 4exp(—o‘22/=] [(xu‘j - Wu,j)z + (xh‘_/' - Wb\,‘)z

(A3)

(A.4)

+ (xu,j - W(»\,-)z + (xd‘j - Wd‘/‘)z] )
= 4exp(—0'22j:1‘x/—w/‘2)

The function here satisfies the Mercer condition, and thus
may be considered a valid kernel form.



If an algorithm may not be easily cast in inner products
(depending on the gradient) due to the non-commutative
nature of quaternion multiplication, it may be convenient to

express transform map ®(x) of quaternion input x as
D(x) =5, - D(x

comp )

(A.S)
where s, =(1+i+j+k) is a quaternion scalar, and Xcom, =

T, T_ T_ TqT :
[x,” x," x.' X, | is a vector of the components of x.

APPENDIX B

The modified HR Calculus for Hilbert spaces of [11] is
summarized here. The modified calculus describes a set of
rules for gradient evaluations of functions defined on
quaternion RKHSs (i.e. quaternion Hilbert spaces). No
analyticity restrictions are present from HR Calculus of [§],
which extends to the modified calculus also.

Considering H , R* may be viewed as isomorphic, a
quaternion transformation 7(.) may be equivalently expressed

T(f) = T(f,+ify +if. 4k L) =T (fos s o £)) =T (£ £ 1. )
where f=f+ifytif.Akfs, and £, f7, f* are the involutions.

Rules for differentiability of T(f) w.r.t. f and its involutions
based on the isomorphism described are outlined in [8]
(i.e. the HR Calculus) and are extended, based on the Fréchet
derivative, for Hilbert spaces in [11].

Fréchet -based HR gradients were found to be:

V(£ )@

o Ui = | VT S fy) @) | (B-D)
V(£ 1) s k|| VTS e )@
V(s o T k| VAT (S fy S f) @

Vi kA, T (fofy S f)(©)

V(s G
Similarly, Fréchet HR" gradients were:
V(ST
! ( o /*) ) 1 VT (far £y for £4)(©)
Ver(ta )@ | | VTt S )@
v j*T(f*)fi*’fj*)fk*)(c) 1 VT (furfy for £y)(©)
DU ! v, T )
VeI (£ e ‘
where the gradient is considered at point ¢ in all cases.
Some properties based on the modified HR calculus are:

L I r(f)y=<n,f >y then V,T(c)=h and Vf,,T(c) =0

(B.2)

Jar Sy S £4)(©)

for n [0 {i, j, k} at every c. In addition, we also have:
V,.T(c)=~h/2 and V e T(©)=h/2 forn L1 {i,j, k}.

2. M1(f)=<h f>,-then V T(c)=h and V _.T(c)=0

for n [0 {i, j, k} at every c. In addition, we also have:
V,T(c)=-h/2 and V. T(©)=h/2 forn [ {7/, k}.

3. If r(fy=<n,f'>,, then V,T(e)=h and vV .T(e)=
ij*T(c):vfk*T(c)zo at every c. In addition, we
also have: Vf,T(c)z—h/z and VfT(c)zvf/.T(c)z
V i T@=h/2

4. I r(fy=<n, f" S then foT(c) =h and V T(c)=
V T(c)=V ,T(c)=0 atevery c. In addition, we also
r’ rr

have: v .7(c)=—h/2 and vV 7(0)=V .T(c)=

V .T()=h/2-
5. Product Rule: When 7,§:Q -H are Fréchet
differentiable in the real sense at ce @, then:
V., (T-8)e)=[V,T()IS(e)+T(c)[V,S(c)]
where ye {f, f', f", f"'}, Ve i, j,k} (note
quaternion multiplication is non-commutative).

These gradient properties were used to obtain the result (9).

APPENDIX C

In [9], the involution gradient (or i-gradient) is based on an
alternative definition for the gradient when compared to [8].
The i-gradient was formed based on viewing gradient of’ /aq*

in terms of involution-wise partial derivatives 9f/dq’, 9f/dq’ .
and 9f/og"* .
Based on the gradients

¥(4.4q".4") :1[81"_1.8/_ .af_kaf} (C.1)
g 4l 9q, 9q, "9dq.  Iq,

af(fmqhq*u{afﬂ.afﬂaf%af}
oq° 4l0q, dq, "dq.  dq,

it was shown that af/ aq* may be expressed, in terms of the
involution-wise partial derivatives, as

NEARNE NS (C2)
8q "3 aq' Bq 8qk
m{ A } Im{ v LY }
A’ 3 3g’ oq'
Thus, defining the gradient alternatively as
V. f= f o fk (C3)
@ g aq aq

only differs from 97 /9q" of (C.1) by the magnitude of the
real component (i.e. scaled by factor of 3).
The i-gradient approach was also shown from [9] to
differ from the original gradient by added term 0.5 9f / aq, » 1.€.
v, =L
@ dg 29q,
Thus, using the i-gradient can be seen to accelerate the
descent for minimizing a real-valued cost function w.r.t. the

real component of quaternion ¢ (i.e. ¢,). This should yield
faster convergence.

For finding the i-gradient of equation (8) in Section IV, if
we use

w, = %(w‘; +W, W —wW,)
with both e(r) and '(n), it can be seen that

%e(n) Lo(x(n) &(’;Lo VB e i, k}
wQ Wo




Thus using (C.3), along with Property 5 in Appendix B, we
obtain

v, dlem P} = —3@xm)e’ (n)

which is the i-gradient result shown in Section IV.
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