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Abstract—Most performance metrics for cooperative networks
focus on the qualification of either spectrum efficiency or link re-
liability, without considering the spatial effect of radio transmis-
sion. Area spectral efficiency (ASE) was first introduced to qualify
the spatial spectral utilization efficiency of cellular systems. In
this paper, we generalize the definition of ASE and investigate
this performance metric in a three-node cooperative network
with decode-and-forward (DF) and amplify-and-forward (AF)
relaying. We derive the mathematical expression of ASE with the
consideration of path-loss and fading effects. We show through
selected numerical examples that ASE provides a new perspective
on the spectrum utilization efficiency and transmission power
design.

Index Terms—cooperative network, area spectral efficiency,
relay.

I. INTRODUCTION

Cooperative relay transmission is one of the most effective
approaches to improve the capacity and coverage of wireless
networks. Typically, two types of relaying protocols can apply
[1], [2]. Non-regenerative relay stations (RSs) amplify and for-
ward (AF) the received signals, while regenerative RSs decode
and forward (DF) the received signals to the destination. In
general, RSs are usually assumed to operate in half-duplex
mode where the relay transmissions are carried out in two
steps [3]: source to relay step and then relay to destination
step. Both steps require appropriate time/spectral resource
allocation, which leads to a certain penalty to the overall link
spectral efficiency. A considerable amount of research has been
carried out on cooperative networks (see for example [4]–
[10]). Shannon capacity of opportunistic cooperative system
with AF relaying over Rayleigh fading channels was derived
in [4]. The outage performance of cooperative network with
DF relaying over Nakagami fading channels was studied in
[5]. In [6], the authors derived the average channel capacity
and outage probability for four types of adaptive transmission
techniques with AF relaying.

Most performance metrics for cooperative networks mainly
focus on the quantification of either bandwidth utilization
efficiency or link reliability. In particular, ergodic capacity [7]
and average spectral efficiency [8] serve as the examples for
the former whereas outage probability [9] and average error
rate [10] for the latter. However, these performance metrics fail
to capture the benefit of the usually smaller “footprint” of relay

transmission. In this paper, we evaluate the spectral efficiency
of cooperative networks while taking the spatial property of
relay transmission into account.

Area spectral efficiency (ASE) performance metric was
introduced in [11] to quantify the spectrum utilization effi-
ciency of cellular wireless systems. In cellular systems, the
radio spectrum is systematically reused at different geometrical
areas, i.e. co-channel cells [12]. Specifically, the co-channel
cells will be separated by a minimum reuse distance of 𝐷
such that their transmissions will not seriously interfere with
one another. As such, the same spectrum will be used only
once over an area of the size of 𝜋𝐷2/4. The ASE of cellular
systems was therefore defined as the maximum data rate per
unit bandwidth of a user randomly located in cell coverage
area, over the area of 𝜋𝐷2/4, with unit being 𝑏/𝑠/(𝐻𝑧 ⋅𝑚2).
Recently, the ASE metric was applied to characterize the
performance of two-tier cellular networks [13]. Note that the
regular frequency reuse based on typical hexagon cell structure
greatly facilitates the ASE analysis [14]. Meanwhile, to the
best knowledge of the authors, the ASE of cooperative systems
has not been investigated in the literature.

In this work, we generalize the ASE definition and apply it
to performance analysis of relay networks. In particular, ASE
is defined as the ratio of overall effective ergodic capacity
of the transmission over its affected area. The affected area
refers to the area where a significant amount of transmission
power is observed and parallel transmission over the same
frequency is prohibited due to severe interference from/to
target transmission. Note that the size of the affected area
depends on various of factors, including transmission power,
propagation environment, as well as receiver sensitivities. The
average radius of the affected area will be proportional to
the transmission power. Therefore, ASE can also quantify
the transmission power utilization efficiency in achieving unit
capacity. In cooperative networks, due to different power
allocation scheme on the source and relay node, the direct
and relaying hops may have different affected area. Using ASE
metric to analyze cooperative networks will better capture the
benefit of smaller footprint due to relaying.

In this paper, we investigate the ASE in a three-node co-
operative network with DF and AF relaying. First, we present
a transmission mode selection criterion to determine whether



direct transmission or relay transmission should be used.
We then obtain the average ASE of this three-node network
through statistical analysis with the consideration of these two
transmission modes. Finally, the optimal transmission power
and location of the relay node is investigated with respect
to the performance metric of ASE using selected numerical
examples.

The remainder of this paper is organized as follows. Section
II presents the system and channel model. Based on the
model, mathematical analysis of ASE is given in Section III.
Numerical examples are presented in Section IV with related
discussions. Finally, section V concludes the paper.

II. SYSTEM MODEL

A. Three-node cooperative network under Rayleigh fading

Fig. 1. Network Architecture.

As shown in Fig. 1, we consider a cooperative network that
consists of three nodes: the source, the destination and the
relay. The source node can communicate with the destination
node via the direct link, whose distance is 𝑟SD, or with the
help of the relay node. The distances from source to relay and
relay to destination are denoted by 𝑟SR and 𝑟RD, respectively.
The transmission power for the source node is denoted by
𝒫𝑠 while that for the relay node is 𝒫𝑟. We assume that the
transmission experiences slow Rayleigh fading. The PDF of
received signal-to-noise ratio (SNR) Γ𝑖𝑗 at distance 𝑟𝑖𝑗 over
Rayleigh fading channel is given by

𝑓Γ𝑖𝑗
(𝛾) =

1

𝛾𝑖𝑗
𝑒−𝛾/𝛾𝑖𝑗 , (1)

where 𝛾𝑖𝑗 is the average received SNR at distance 𝑟𝑖𝑗 decided
by path loss, 𝑟𝑖𝑗 (𝑖 ∈ {𝑆,𝑅}, 𝑗 ∈ {𝑅,𝐷} and i ∕= 𝑗) is
the distance from the transmitter 𝑖 to receiver 𝑗. With the
simplified path-loss model, 𝛾𝑖𝑗 can be expressed as

𝛾𝑖𝑗 =
𝒫𝑖

𝑁 ⋅𝐾 ⋅ 𝑟𝛼𝑖𝑗
, (2)

where 𝐾 is a constant parameter and 𝛼 is the path loss
exponent, ranging from 2 to 6, 𝑁 is the received noise power.
We also assume that accurate estimation of the received SNR
can be obtained and sent back to the source and relay via
an error-free feedback path. The time delay in this feedback
path is negligible. Thus, the source and relay can adapt their
transmission rates to the actual channel state. For the sake of
simplicity, we ignore the effect of shadowing in the analysis.

We consider a time division multiplexing (TDM) system
where the transmission occurs in time slots of equal duration
𝑇 . In addition, the relay node employs a half-duplex relaying
operation, as it cannot transmit and receive at the same time.
For that purpose, the time slots for relay transmission are
further divided into two subslots of equal duration. Specifi-
cally, in the first subslot, relay node receives transmission from
source node; in the second subslot, the DF relay decodes the
transmission while the AF relay amplifies the received signal,
and then forwards it to the destination node.

B. Transmission mode selection

We assume that the source node will select either direct
or relay link to communicate with the destination node. In
order to maximize the overall network capacity, the source
node chooses the transmission mode with larger instantaneous
capacity. In particular, the instantaneous capacity of direct
transmission mode is given by

Cd = log2(1 + ΓSD), (3)

where ΓSD is the received SNR at the destination node over
the direct link. Under Rayleigh fading environment, ΓSD of
the cooperative network under consideration is exponential
distributed with 𝔼{ΓSD} = 𝛾SD. In relay transmission mode,
the data to a destination node needs to be transmitted over the
same bandwidth in two subslots. Therefore, the instantaneous
capacity of relay transmission mode is given by

Cr =
1

2
log2(1 + Γr), (4)

where Γr is the equivalent received SNRs at the destination
node over the relay link, and the factor 1

2 is due to the
half duplexing constraint. After performing transmission mode
selection, the instantaneous capacity of the three-node coop-
erative network is the maximal value of Cd and Cr, i.e.

Cinst = max

{
Cd,Cr

}
(5)

Substituting (3) and (4) into (5), the instantaneous capacity
specializes to

Cinst =
1

2
log2

{
1 + max

{
Γ2

SD + 2ΓSD,Γr

}}
. (6)

Here Γ ≜ max
{
Γ2

SD + 2ΓSD,Γr

}
can be viewed as the

equivalent received SNR. The average ergodic capacity can
be derived by averaging the instantaneous capacity over the
distribution of Γ, i.e.

C =

∫ ∞

0

1

2
log2

(
1 + 𝛾

) ⋅ 𝑓Γ(𝛾) d𝛾, (7)

where 𝑓Γ(𝛾) is the PDF of Γ. Meanwhile, the probability
that the system performs direct transmission is equal to the
probability that Cd > Cr, i.e.

Pdirect = Pr

{
Γ2

SD + 2ΓSD > Γr

}
. (8)



Since ΓSD is exponential distributed with mean 𝛾SD, then
Pdirect can be written as

Pdirect =
1

𝛾SD

∫ ∞

0

𝐹Γr(𝑥
2 + 2𝑥) exp(−𝑥/𝛾SD) d𝑥, (9)

where 𝐹Γr(𝛾) is CDF of Γr, which is determined by the
relaying protocol applied. Accordingly, the probability that
the system performs relay transmission is given by Prelay =
1−Pdirect.

III. ASE ANALYSIS

In this section, we derive the analytical expression of ASE
in a three-node cooperative network. In conventional cellular
network, ASE is defined to be the average data rate per unit
bandwidth per unit area supported by a base station [11].
In cooperative network, we generalize the definition of ASE,
denoted by 𝜂, to be the ratio of average ergodic capacity C,
over the affected area of the transmission Aaff, i.e.

𝜂 =
C

Aaff
. (10)

In particular, the affected area is defined as the area where
a significant amount of transmission power is observed and
parallel transmission over the same frequency is prohibited due
to severe interference from/to target transmission. With fading,
the probability that an area of distance 𝑟 from the transmitter
is affected equals to the probability that the received signal
power 𝒫rec is greater than 𝒫min. It follows that the affected
area can be determined as

Aaff =

∫ ∞

0

Pr[𝒫rec ≥ 𝒫min]𝑟 d𝑟. (11)

For the Rayleigh fading environment, the affected area spe-
cializes to

A𝑖
aff =

1

𝛼
Γ

(
2

𝛼

)( 𝒫𝑖

𝑁𝐾𝒫min

)2/𝛼

, 𝑖 ∈ {𝑆,𝑅}, (12)

where Γ(⋅) denotes the Gamma function. Note that if the
transmission powers of the source node and relay node are
not equal, the affected area in direct and relay transmission
mode should be not the same. Therefore, the ASE of three-
node cooperative network can be calculated as the weighted
summation of those of direct transmission mode and relay
transmission mode. While noting that the affected are of each
relay hop might be different, it can be written as

𝜂 = Pdirect ⋅ Cd

AS
aff

+Prelay ⋅ 1
2

(
Cr

AS
aff

+
Cr

AR
aff

)
, (13)

where Cd and Cr are the average ergodic capacity under
direct and relay transmission mode. In what follows, we
will calculate Cd and Cr for DF and AF relaying protocols
respectively.

A. Decode-and-forward relaying protocol

For DF relaying protocol, the relay node first decodes the
transmitted signal from the source node and then forwards
to the destination node. The instantaneous capacity of relay
transmission is given by

CDF
r =

1

2
min

{
log2(1 + 𝛾SR), log2(1 + 𝛾RD)

}
, (14)

where 𝛾SR and 𝛾RD are the instantaneous received SNR at
the relay node and the destination node, respectively. The
equivalent received SNR over the relay link is then given by

ΓDF
r = min{ΓSR,ΓRD}. (15)

Under Rayleigh fading channel, ΓSR and ΓRD are exponential
distributed with mean 𝛾SR and 𝛾RD, respectively. Then CDF
of ΓDF

r can be obtained

𝐹ΓDF
r
(𝛾) = 1− 𝑒−𝛼1𝛾 , (16)

where 𝛼1 = 1
𝛾SR

+ 1
𝛾RD

. Substituting (16) into (9), we can obtain
the probability that the system performs direct transmission
with DF relaying protocol, as

PDF
direct = 1− 1

𝛾SD
𝔇(∞;𝛼1, 𝛼2), (17)

where 𝛼2 = 2
𝛾SR

+ 2
𝛾RD

+ 1
𝛾SD

, and 𝔇(𝑥;𝛼1, 𝛼2) is defined to
be

𝔇(𝑥;𝛼1, 𝛼2) ≜
∫ 𝑥

0

𝑒−𝛼1𝑡
2−𝛼2𝑡d𝑡

=
1

2

√
𝜋

𝛼1
𝑒

𝛼2
2

4𝛼1

[
erf(

√
𝛼1 ⋅ 𝑥+

𝛼2

2
√
𝛼1

)− erf(
𝛼2

2
√
𝛼1

)

]
,

where erf(𝑥) = 2√
𝜋

∫ 𝑥

0
𝑒−𝑡2d𝑡. Taking derivative of (16) with

respect to 𝛾, we arrive at the PDF of ΓDF
r

𝑓ΓDF
r
(𝛾) = 𝛼1𝑒

−𝛼1𝛾 . (18)

The equivalent SNR of the cooperative network with DF
protocol is given by

ΓDF = max

{
Γ2

SD + 2ΓSD,Γ
DF
r

}
. (19)

It can be shown that the CDF under the condition Γ2
SD +

2ΓSD > ΓDF
r is given by

𝐹ΓDF(𝛾 ∣ Γ2
SD+2ΓSD > ΓDF

r ) =
𝛾SD ⋅ 𝐹ΓSD(𝜉)−𝔇(𝜉;𝛼1, 𝛼2)

𝛾SD −𝔇(∞;𝛼1, 𝛼2)
,

(20)
where 𝜉 =

√
𝛾 + 1− 1. Taking derivative of (20) with respect

to 𝛾, we can obtain the conditional PDF of ΓDF as

𝑓ΓDF(𝛾 ∣ Γ2
SD+2ΓSD > ΓDF

r ) =
𝛾SD ⋅ 𝑓ΓSD(𝜉) ⋅ 𝐹ΓDF

r
(𝛾)

2(𝜉 + 1) ⋅ (𝛾SD −𝔇(∞;𝛼1, 𝛼2))
.

(21)
Substituting (21) into (7) and making some manipulations, we
can obtain the average ergodic capacity of direct transmission



mode as

C
DF
d =

1

ln 2
⋅ 1

𝛾SD −𝔇(∞;𝛼1, 𝛼2)

{
𝛾SD ⋅ 𝑒 1

𝛾SD E1(
1

𝛾SD
)

−
∫ ∞

0

ln(1 + 𝑡)𝑒
−𝛼1(𝑡

2+2𝑡)− 1
𝛾SD

𝑡
d𝑡

}
. (22)

Following the same procedure, we can arrive at the PDF of
ΓDF under the condition Γ2

SD + 2ΓSD < ΓDF
r as

𝑓ΓDF(𝛾 ∣ Γ2
SD +2ΓSD < ΓDF

r ) =
𝛾SD ⋅ 𝑓ΓDF

r
(𝛾) ⋅ 𝐹ΓSD(𝜉)

𝔇(∞;𝛼1, 𝛼2)
. (23)

It follows that the average ergodic capacity of relay transmis-
sion mode is given by

C
DF
r =

1

ln 2 ⋅𝔇(∞;𝛼1, 𝛼2)

{
𝛾SD ⋅ 𝑒𝛼1 E1(𝛼1)

−
∫ ∞

0

ln(1 + 𝑡) ⋅ 𝑒−𝛼1𝑡− 1
𝛾SD

(
√
1+𝑡−1)

d𝑡

}
. (24)

B. Amplify-and-forward relaying protocol

With AF relaying protocol, the transmitted signal from
source node is amplified by a factor 𝐺 at the relay node and
then forwards to the destination node. The relay gain 𝐺 is
usually selected to be [15]

𝐺2 =
𝒫r

𝒫d ⋅ ∣ℎ∣2 +𝑁
, (25)

where ℎ is the channel gain between the source node and relay
node, which leads to the equivalent received SNR of the relay
link with AF protocol is given by

ΓAF
r =

ΓSR ⋅ ΓRD

ΓSR + ΓRD + 1
. (26)

For mathematical tractability, we use the following tight upper
bound [16]

ΓAF
r =

ΓSR ⋅ ΓRD

ΓSR + ΓRD
, (27)

whose CDF was given in [16] as

𝐹ΓAF
r
(𝛾) = 1− 2𝛽1𝛾𝑒

−𝛽2𝛾 K1(2𝛽1𝛾), (28)

where 𝛽1 = 1√
𝛾SR⋅𝛾RD

, 𝛽2 = 1
𝛾SR

+ 1
𝛾RD

and K1(⋅) is the first

order modified Bessel function of the second kind. Substituting
(28) into (9), we can obtain the probability that the relay
performs direct transmission with AF protocol, denoted by
PAF

direct, i.e.

PAF
direct = 1− 1

𝛾SD
𝔄(∞;𝛽1, 𝛽3), (29)

where 𝔄(𝑥;𝛽1, 𝛽3) is defined to be

𝔄(𝑥;𝛽1, 𝛽3) =

∫ 𝑥

0

2𝛽1(𝑡
2+2𝑡)𝑒−𝛽3(𝑡

2+2𝑡) K1(2𝛽1(𝑡
2+2𝑡)) d𝑡,

(30)
where 𝛽3 = 1

𝛾SD
+ 1

𝛾SR
+ 1

𝛾RD
. Taking derivative of (28) with

respect to 𝛾, we can obtain PDF of ΓAF
r given by

𝑓ΓAF
r
(𝛾) = 2𝛽1𝛾𝑒

−𝛽2𝛾

{
𝛽2 K1(2𝛽1𝛾) + 2𝛽1 K0(2𝛽1𝛾)

}
,

(31)

where K0(⋅) is the zero-order modified Bessel function of the
second kind.

The equivalent SNR of the cooperative network with AF
protocol is given by

ΓAF = max

{
Γ2

SD + 2ΓSD,Γ
AF
r

}
. (32)

The PDF of ΓAF under the condition Γ2
SD + 2ΓSD > ΓAF

r can
be obtained as

𝑓ΓAF(𝛾 ∣ Γ2
SD+2ΓSD > ΓAF

r ) =
𝛾SD ⋅ 𝑓ΓSD(𝜉) ⋅ 𝐹ΓAF

r
(𝛾)

2(𝜉 + 1) ⋅ (𝛾SD − 𝔄(∞;𝛽1, 𝛽3))
.

(33)
Correspondingly, we can calculate the average ergodic capac-
ity of direct transmission mode C

AF
d by averaging the instan-

taneous capacity over the PDF of ΓAF under the condition
Γ2

SD + 2ΓSD > ΓAF
r . Similarly, the PDF of ΓAF under the

condition Γ2
SD + 2ΓSD < ΓAF

r is given by

𝑓ΓAF(𝛾 ∣ Γ2
SD +2ΓSD < ΓAF

r ) =
𝛾SD ⋅ 𝑓ΓAF

r
(𝛾) ⋅ 𝐹ΓSD(𝜉)

𝔄(∞;𝛽1, 𝛽3)
, (34)

which can be applied to the calculation of C
AF
r .

IV. NUMERICAL EXAMPLE

In this section, we present several numerical examples to
study the ASE performance of the three-node cooperative
network. We focus on the effect of relay position as well the
transmission power of source and relay nodes.
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Fig. 2. The effect of the distance between source and relay node 𝑟SR on
ASE and spectral efficiency with DF relaying protocol for different angle 𝜃.
(𝒫s = 22 dBm, 𝒫r = 19 dBm, 𝒫min = −80 dBm, 𝑁 = −100 dBm,
𝐾 = 0.31, 𝛼 = 4, 𝑟SD = 1000 m.)

In Fig. 2, we plot ASE as function of the distance between
the source and the relay node 𝑟SR for DF relaying protocol.
For comparison, we plot the spectral efficiency with the
same configuration. It clearly shows that the relay position
has similar effect on ASE and spectral efficiency. Another



interesting observation is that when the angle between source
and relay node 𝜃 is small, ASE varies dramatically as the
position of relay changes. The peak of ASE is obtained when
the relay is near the midpoint of the line between source and
destination. When 𝜃 is large, the distance 𝑟SR has little effect
on ASE. Meanwhile, large 𝜃 has worse ASE performance than
small 𝜃. Similar observation can be observed for AF-based
relay networks.
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Fig. 3. The effect of the source node transmission power 𝒫s on ASE with DF
and AF relaying protocol. (𝒫r = 10 dBm, 𝑟SD = 1000 m, 𝑟SR = 𝑟RD = 500
m, 𝜃 = 0, 𝒫min = −80 dBm, 𝑁 = −100 dBm, 𝐾 = 0.31, 𝛼 = 4.)
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Fig. 4. The effect of the relay node transmission power 𝒫r on ASE with DF
and AF relaying protocol. (𝒫s = 20 dBm, 𝑟SD = 1000 m, 𝑟SR = 𝑟RD = 500
m, 𝜃 = 0, 𝒫min = −80 dBm, 𝑁 = −100 dBm, 𝐾 = 0.31, 𝛼 = 4.)

In Fig. 3 we plot the ASE and spectral efficiency as function
of the source node transmission power 𝒫s for DF and AF
relaying protocol. For comparison, we include the ASE curve

of conventional system without relays. It shows that the relay-
enhanced systems always enjoy better ASE performance than
the conventional system. Meanwhile, the DF relaying protocol
has slightly better overall ASE performance than AF relaying
protocol. However, this performance gain shrinks as the trans-
mission power 𝒫s increases. Unlike spectral efficiency, whose
performance curves are monotonically increasing function
with respect to 𝒫s, the ASE curves show a peak as the
transmission powers increase. When 𝒫s is small, ASE is an
increasing function of transmission power, which indicates the
capacity increases faster than the affected area. When 𝒫s is
large, ASE decreases as the transmission power increases, due
to the faster increase of the affected area than capacity. This
observation tells us that increasing the transmission power can
lead to a higher spectral efficiency but can not necessarily
increase ASE. Therefore, ASE provides a new perspective on
transmission power selection. Another interesting observation
is that to achieve optimal ASE, conventional system needs
much higher transmission power than relay-enhanced systems,
which implies the relay-enhanced system is more power effi-
cient with respect to ASE.

In Fig. 4 we plot ASE and spectral efficiency as function of
the relay node transmission power 𝒫r for DF and AF relaying
protocol. For small 𝒫r, both DF and AF relaying schemes
show slightly better ASE performance than the conventional
system. This performance benefit increases as we enlarge 𝒫r.
Meanwhile, the relay-enhanced systems show an optimal 𝒫r

value to achieve the maximal value of ASE.

V. CONCLUSION

In this paper, we generalized the concept of ASE to study
the performance of cooperative network with both DF and
AF relaying. We first presented a transmission mode selection
scheme to determine whether direct transmission or relay
transmission is performed. Based on this scheme, we derived
the conditional statistics of received SNR under each mode,
which is then applied to calculate the ASE. Through selected
numerical examples, we showed ASE provides a new perspec-
tive to the performance of cooperative network. Moreover, we
showed that there is an optimal transmission power level for
source and relay nodes in terms of maximizing ASE. Our
future research would concentrate on the utilization of the ASE
performance metric to analyze arbitrary wireless network with
the consideration of interference.
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