Image Deblurring with Low-rank Approximation
Structured Sparse Representation

Weisheng Dong’, Guangming Shi’, and Xin Li'
"Key Laboratory of Intelligent Perception and Image Understanding (Chinese Ministry of Education) School of
Electronic Engineering, Xidian University, China
E-mail: wsdong@mail.xidian.edu.cn
"Lane Dept. of Comp. Sci. and Elec. Engr., West Virginia University, Morgantown, WV 26506

Abstract— In recent years sparse representation model (SRM)
based image deblurring approaches have shown promising
image deblurring results. However, since most of the current
SRMs don’t utilize the spatial correlations between the nonzero
sparse coefficients, the SRM-based image deblurring methods
often fail to faithfully recover sharp image edges. In this paper, a
structured SRM is employed to exploit the local and nonlocal
spatial correlation between the sparse codes. The connection
between the structured SRM and the low-rank approximation
model has also been exploited. An effective image deblurring
algorithm using the patch-based structured SRM is then
proposed. Experimental results demonstrate the improvements
of the proposed deblurring method over current state-of-the-art
image deblurring methods.

L INTRODUCTION

Image deblurring aiming to recover a clean and sharp image
from a noisy and blurred observation can be modeled as
y=Hx+v, (1)

where He RV and ve R" denote a blurring matrix and
Gaussian noise, respectively. Recovering the original image
xe R" from the observation ye R" is a typical ill-posed

inverse problem. Due to its ill-posed nature of the deblurring
problem, regularization techniques that incorporate prior
knowledge of natural images are required for finding a
reasonable solution. The regularized solution of the deblurring
problem can be obtained by solving the following
optimization problem:

x:argmin||y—Hx||§ +AJ(x), 2)

where J(x) denotes a regularization term incorporating the
prior knowledge of the unknown image x, and A is a constant
balancing the tradeoff between the data fidelity term and the
regularization term. In the regularization based deblurring
approaches, the construction of an effective regularization
term is of great importance. Classic regularizers, including
quadratic Tikhonov regularization and the well-known total
variation (TV) regularization, are effective in removing the
noise artifacts but tend to produce over smoothed results.

In recent years the emerging of the compressive sensing
theory [1] has boosted a flurry of research on the sparse
representation model (SRM) based image restoration [2-8].
The SRM assumes that natural images can be sparsely
represented under a basis or an overcomplete dictionary U,

ie, x=Ua, ||| ,<T . The sparsity-regularized deblurring
approach can be formulated as
@=argmin || y-HUa|; +1| ||, A3)
a

which can be efficiently solved by the iterative shrinkage
algorithm [8]. The deblurred image is then obtained by
x=Ueqa . Since most of natural images allow sparsely
representations under common bases (e.g., DCT, wavelet,
TV), the SRM-based deblurring approaches have shown
promising results [3, 6-7]. By adapting the dictionaries to the
image content, the deblurring results can be further improved
[6-7].

In Eq. (3), the /;-sparsity penalty term assumes that the
coefficients are identical independent distributed (i.i.d),
disregarding the correlation between the sparse coefficients.
The plain /;-sparsity model has been shown to be unstable,
especially when the observed image is degraded (e.g., noisy
and blurry). In such image restoration scenario, the sparse
model may fail to recover accurate sparse codes, leading to
unsatisfied reconstructed images. Recently, efforts have been
made to leverage the structural correlation in the sparse model.
In [7], centralized sparse representation (CSR) model has
been proposed to utilize the nonlocal redundancies, leading to
state-of-the-art image deblurring results. Instead of sparsely
coding each patch individually, simultaneous sparse coding
(SSC) techniques [4] code a set of patches simultaneously to
encourage the alignment of the sparse codes. By exploiting
the nonlocal self-similarity, the SSC techniques have led to
state-of-the-art denoising results [4]. However, despite its
effectiveness, the optimization of the learned SSC model is in
general difficult, which requires alternative optimization of
the sparse codes and the dictionary. Moreover, deeper
reasoning of the SSC model is needed to better understand its
effectiveness.

On the other hand, as an effective tool for high dimensional
data modeling, the low-rank approximation (LA) has attracted
more and more attentions. The applying of singular value
decomposition (SVD) based low-rank approximation suggests
an intrinsic connection between the SSC model and the low-
rank approximation. In our previous work [5], such
connection between SSC and LA has been exploited and a
principle optimization approach for SSC has been proposed
using the SVD thresholding, leading to state-of-the-art



denoising results. In this paper, an effective SSC-based
deblurring method is proposed using the patch based low-rank
approximation structured sparse coding (LASSC) algorithm.
Experimental results show that the proposed LASSC
deblurring method can achieve convincing improvements
over current state-of-the-art deblurring methods.

II. STRUCTURED SPARSE CODING VIA LOW-RANK
APPROXIMATION

Instead of sparsely coding each patch individually, the SSC
approach [4] simultaneously codes a set of patches.
Mathematically, the SSC model can be formulated as

(A,U) = argmin || X~ VA ||} +zJ(U), @)

where X=[x,x,,...,x,]1e R™ , A=[a,0,,....q,]e R™",
denote dataset and sparse coefficients matrix, respectively,
Ue R (n<K) denotes the dictionary, 7 is a regularization
parameter, and J(A) denotes a matrix norm defined as

JA =Yl 5)

h

where o denotes the coefficient vector of the i row of

matrix A and ¢, is the weight. The data set X is constructed

by grouping the nonlocal similar patches. For a convex
optimization, the /;, norm is often used. Since the patches in
X share similar edge structures, overcomplete dictionary
learning approaches are not needed, a compact dictionary
(e.g., the principle component analysis (PCA) dictionary)
learned from X is good enough to sparsely represent X. The
local PCA dictionaries have been successfully used in [6-7].

In this paper, we use the local PCA dictionary learned from X.

Another important issue is the selection of the weights @, .
The weights @, play a similar role to that of the weighted /;-

norm in reweighted sparse coding [9]. In [4], all the weights
were set to 1, which were obviously non-optimal.

In this section we briefly review the low-rank
approximation structured sparse coding (LASSC) algorithm
presented in our previous work [5], and the deblurring
algorithm using LASSC will be presented in Sec. III.

A.  Low-rank approximation SSC

For convexity /,, norm is used in the structured matrix
norm. A key observation is that the /; , norm in Eq. (5) can be
rewritten as

n n n

J(A)= sz e [l,= Za)z\/azzl +0(1'2,2 +"'+afz,m =\/Zza)io-i
i=1 i=1 i=1

(6)

where o; denotes the standard derivation of the coefficients in
the i™ row of A. Therefore, the structured sparsity can be
interpreted as the variance sparsity. Substituting Eq. (6) into
Eq. (4), we obtain the following objective function

(A, U)=argmin || X-UA |} +7/m Y @0, . (7)

i=1

To facilitate the SSC from the variance sparsity perspective,
we further decomposite the matrix A into two components, as
follows

A=3Q", ®)
where X = diag{\/ZO'l,\/ZO'Z,---,\/Zo;} is a diagonal
matrix, where r=max{n,m}, and each column of Qe R is
defined as ¢, = (@')" /(Nmo,) . Substituting Eq. (8) into Eq.
(7), we obtain

(U,Z,Q) =argmin | X-UZQ" |} +2V/mY w0, . (9)
i=l

Compared to the original SSC problem in Eq. (4), Eq. (9)
involves another unknown dictionary Q that plays the role of
sparsifying the coefficient matrix. However, the connection
between the data term and the regularization term by 4; makes
the optimization of Eq. (9) decomposable. The structured
sparsity regularizer of Eq. (9) is actually a weighted /-
sparsity regularizer imposed on the field of variance (standard
deviation). Thus, Eq. (9) can be solved by an iterative
thresholding algorithm. Moreover, the right and left
multiplying matrixes on two sides of X show striking
resemblance to a well-known factorization tool known as
SVD. Such resemblance motivates us to exploit the
connection between the SSC and the recent developed low-
rank approximation (LA) methods [10-12].

Let X=UAV’ be the SVD of the dataset X, where
A =diag{A,A,,--, A} and Ve R™ . Note that &' = Ay,
where v, is the i™ column of matrix V. Then we have

mo; =@ L=l Av] ;=47 (10)
where the first equation comes from Eq. (6) and the second
equation comes from the unitary of the matrix V. Comparing
Eq. (10) and Eq. (9), we can see that they are equivalent, and
Eq. (9) can be rewritten as

_ 3 _ T 112 c
(U,A,V) =argmin || X-UAV" [} +T;a),ﬂ, .1
This is a weighted LA optimization problem. When @, are set
to 1, Eq. (11) is a typical LA problem. The equivalence
between LA and the SSC allows us to solve the SSC
optimization problem of Eq. (7) or Eq. (11) by efficient low-
rank solvers, such as the SVD thresholding algorithm [12]
that admits the following closed form solution:

(U,A,V) =svd(X)
j:[ = Sr»a)l (/1:)
where S, () denotes the soft thresholding operator with

) (12)

threshold 7-@,. Then we can see that the dictionary U and

the sparse code A=AV’ can be jointly optimized by the
principled algorithm.

B.  Adaptive iterative SVD thresholding

An important issue of the SSC is the selection of the
weights and the regularization parameters z. When @, are set

to 1, then Eq. (11) is a standard LA problem. By proper



selection of the weights, we may further enhance the sparsity
and consequently improve the signal reconstruction. Similar
reweighted /,-sparse coding has been successfully used for
image reconstruction [6, 9]. Here we propose to select the
weights toward a MAP estimation of the variance.

According to Eq. (10), Eq. (11) can be rewritten as

(U,A,V) =arg min | X=UAV' [} +z/m Y @0, , (13)
” i=1

from which we can see that the joint sparsity of the sparse
codes A is equivalent to the /;-norm variance. Previous
studies on /;-norm sparse coding have shown that the /,-sparse
model is equivalent to the MAP estimator using a Laplaican
distribution [6]. By estimating the parameters of the local
Laplacian distribution, the regularization parameters can be
adaptively selected [6]. Such connection can also be extended
from the magnitude domain to the variance domain, leading to
the following selection of the weights:

r=220, 0 =1/6, , (14)

where o denotes the variance of the additive Gaussian noise,
6, denote standard deviation of the variance o, . For the
details of the deviation, please refer to [5]. In practice, it is
difficult to estimate 6, due to the lack of the sufficient
samples of o, . Here we adopt an one sample maximum

likelihood estimation of 8,:

6 = Jmax(6? - 07,0) , (15)

where &7 is an estimate of o,, which can be computed as

G1=A"Im.

III. PROPOSED IMAGE DEBLURRING ALGORITHM

In the deblurring problem the observed image is given by
y=Hx+n, where H is a blurring kernel assuming to be known.
Note that the observation model is a general model and H can
represent other degradation operators, such as compressive
sensing and super-resolution. Now the question is how to use
the patch-based SSC model for the whole image deblurring.
The basic idea is to enforce the structured sparsity over the
grouped nonlocal similar patches for each extracted exemplar
patch, subjected to the constraint of the observation model.
The proposed objective function of the structured sparsity
regularized image deblurring method can be formulated as

(x,U,A,,V,)=arg min | y-Hx|}+
x,U; ALY,

BY. D IRx, UV [ +7>. > w4,

i jeG; i Jjeg;

(16)
where G; denotes the group of the patches similar to exemplar
patch x;, A, and v; denotes the J™ singular value and ;"
column of matrix V, respectively. Eq. (16) can be solved by
alternatively optimizing x and the sets of {U,}, {A;} and {V,}.
That is, for fixed X =U®AD (VP obtained at k"
iteration, the whole image can be updated using the set of

reconstructed patches X" by solving the following sub-
optimization problem:
x4 = argmin || p~Hy 3+ IR x, -UL A0 (60) |
i JjeG,
, (17)
which is a quadratic optimization problem that admits a
closed form solution, i.e.,
[Hy+ Y Y RIUVA ()]
(k+1) i jeG;
X i ' N
(H'H+/>, > RiR))

i jeg

Since the matrix to be inverted is very large, in practice the
conjugate gradient (CG) algorithm is employed to compute

Eq. (18). For a fixed estimate of the deblurred image x*’, the
dataset X, of each exemplar patch can be updated by solving a
reweighted low-rank approximation problem:
(k) ACk) wy7(k)y _ : (k) _
(U AP, V) =arg min D03 (IR, x" -U 4

fi jeG;

T
=2 D 04,
BT =
which also admits a closed-form solution, i.e.,
(U(~k+1) A(~k+1/2) V~(k+l)) — Svd(X(/c))
k+1 k+1/2 2
ﬂj( = = Sr-w//ﬂ(ﬂ;' " ))

T 12
s

»(19)

(20)

where X! decomposed of the similar patches of exemplar
x* . The dataset X, is then
X(-k+1) — U(-k+1)A(-k+1) (V.(k+1) )T . The

optimization process can be iterated until convergence. The
overall algorithm is summarized in Algorithm 1.

updated  as

above alternative

Algorithm 1

1. Initialization:

(a) Set the initial estimate as x =y ;

(b) Patch clustering: find the k-NN for each exemplar
patch and create data matrix X; for each cluster;

2. Iterate on k=1,2,..., K

(a SVD for each data
(U§k+1) , A([k+1/2) , V,-(k+1)) — SVd(Xf-k)) ;

(b) Singular value thresholding using Eq. (20);

(c) Image update: update the deblurred image x
by computing Eq. (18);

(d) Threshold update: compute @, using Eqgs. (14)
and (15);

(e) If mod(k, K,)=0 update the patch clustering;

matrix X

(k+1)

In Algorithm 1, we update the patch clustering in every K
(K¢=20) iterations to save computation complexity. In general,
Algorithm 1 converges after 240 iterations.

IV. EXPERIMENTAL RESULTS



To verify the deblurring performance of the proposed method,
we implemented the proposed low-rank approximation
structured sparse coding (LASSC) based deblurring method
and conduct experiments on several natural images. The basic
parameters of Algorithm 1 are as follows: the patch size is
6x6; total 41 similar patches are selected for each chosen
exemplar; f£=0.5. Some recently developed non-blind
deblurring methods are selected for comparison study,
including the constrained TV method (denoted by FISTA)
[13], the well-known BM3D method [3], and our previous
CSR deblurring method [7]. Note that the CSR method is one
of the current state-of-the-art non-blind deblurring methods.
The blurred images are generated by applying a blur kernel
to the original test images, and additive Gaussian noise with

standard deviation o, =2 is also added to the blurred

images. Two blur kernels, i.e., 9x9 uniform blur kernel and
2D Gaussian blur kernel (nontruncated) with standard
deviation 1.6 are used for simulation. For color images, we
only applied the deblurring method to the luminance
component. The PSNR results are reported in Tables 1 and 2,
from which we can see that the proposed LASSC method
significantly outperforms the FISTA and BM3D methods, and
also performs better than CSR method on most test images.
The PSNR gain over CSR can be up to 0.68 dB. The visual
comparison of the deblurring methods is shown in Figs. 1~2.
It can be seen that the proposed LASSC method is very
effective in recovering sharp and clean image structures. By
contrast, other deblurring methods tend to generate artifacts
around edges.

Fig. 1 Deblurring performnce comparison for Barbara image (9x9
uniform blur, ¢,=+2 ). (a) Noisy and blurred; (b) BM3D [3] (PSNR=
27.99 dB); (c) CSR [7] (PSNR=27.93 dB); (d) Proposed LASSC
(PSNR=28.40 dB).

Fig. 2 Deblurring performnce comparison for Starfish image (9%9
uniform blur, =2 ). (a) Noisy and blurred; (b) BM3D [3]
(PSNR=28.61 dB); (c) CSR [7] (PSNR=30.30 dB); (d) Proposed
LASSC (PSNR=30.72 dB).

Table 1 PSNR results of the test methods (9x9 uniform blur, 6,=2)

Images Butterfly | Parrot | Starfish | Barbara Leaves
TV [13] 28.37 29.11 27.75 25.75 26.49
BM3D [3] 27.21 30.50 28.61 27.99 27.45
CSR [7] 29.75 32.09 30.30 27.93 29.97
LASSC 30.16 32.33 30.72 28.40 30.65

Table 2 PSNR results of the test methods (Gaussian blur, 6,=+2)

Images Butterfly | Parrot | Starfish | Barbara Leaves
TV [13] 30.36 31.27 29.65 25.03 29.36
BM3D [3] 29.01 3222 30.71 28.19 29.67
CSR [7] 30.75 33.44 32.31 27.81 31.44
LASSC 30.79 33.41 32.29 28.44 31.74

V. CONCLUSIONS

In this paper we present a novel low-rank approximation
based structured sparse representation (LASSC) model for
image deblurring. The intrinsic connection between the
structured sparse coding and the low-rank approximation has
been expolited to develop an efficient singular value



thresholding algorithm for structured sparse coding. An
effective image deblurring method using the patch-based
LASSC model is then presented. Experimental results show
that the proposed LASSC image deblurring produces the
state-of-the-art image deblurring results.
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