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Abstract—In this paper, we propose an adaptive truncate k-bit
re-configurable approximation (aTra) method which can achieve
similar video coding efficiency as the original transform but
substitute all low efficient multiplication by conformed shifting
and addition operations, lifting the utilization of the hardware
implementation and making simple hardware implementation
and high efficiency pipeline design possible. Also, we may be
the first to propose three mathematical constraints for the
hardware matrix approximation to make the final performance
controllable. The proposed method can achieve regular data flow
and massive operation reduction balancing the rate distortion
(RD) performance and data throughput. Particularly for the
current secondary transform, rotational transform (ROT), we
obtain the hardware friendly ROT through our proposed
method based on one of the constraints. The simulation results
implemented in the HEVC reference software HM1.0 present the
validity of our method. Our method achieves similar performance
when compared with the original one but it is much better than
the simple hardware implementation.

I. INTRODUCTION

The latest state-of-the-art video coding standard is
H.264/AVC [1] developed by ITU-T and ISO/IEC/MPEG.
H.264 achieves better coding performance than previous video
coding standards by applying a number of new tools. Typically,
the residual block is formed first by inter and intra prediction.
Then the integer discrete cosine transform (ICT) is applied to
the residues to exploit the energy compaction. ICT has three
major advantages for video coding. Firstly, ICT is generated
from the discrete cosine transform (DCT) by replacing the
real numbered elements with integers, so multiplication can
be substituted by shifting and addition which are beneficial to
the hardware implementation. Furthermore, the algorithm can
be accelerated by using the butterfly architecture. However,
existing research just concentrates on how to change the DCT
to ICT and can not be applied to other transforms.

Recently, ITU-T and ISO/IEC/MPEG have formed a Joint
Collaborative Team on Video Coding (JCT-VC) on next
generation video coding standard called High Efficiency
Video Coding (HEVC) [2]. Rotational Transform (ROT) and
Mode Dependent Directional Transform (MDDT) [2] are both
alternative transforms proposed in the latest video coding
standard. Unlike MDDT, ROT is a secondary transform which

is applied after the primary DCT without changing the
transform core [3] to further exploit the energy compaction.
Also, compared to the MDDT, ROT typically shows higher
coding gain. The whole transform process with ROT is:

𝑚𝑜 = 𝑅𝑇
𝑣 𝐷𝑇𝑚𝑖𝐷𝑅ℎ (1)

where 𝑚𝑖 is input residual matrix, 𝑚𝑜 is transformed matrix,
D is ICT matrix, 𝑅ℎ and 𝑅𝑣 represent the rotation matrices
for horizontal and vertical directions with the rotation angles
of 𝛼1, 𝛼2, 𝛼3 and 𝛼4, 𝛼5, 𝛼6, respectively:

𝑅ℎ = 𝑅𝑧(𝛼1)𝑅𝑥(𝛼2)𝑅𝑧(𝛼3) (2)

𝑅𝑣 = 𝑅𝑧(𝛼4)𝑅𝑥(𝛼5)𝑅𝑧(𝛼6) (3)

where 𝑅𝑥 and 𝑅𝑧 is compound Given’s rotation matrices.
The rest of this paper is organized as follows: Section II

gives a brief analysis of the drawbacks of simple integer
hardware implementation of ROT. Section III proposes
our hardware-friendly orientated design, gives mathematical
analysis and proposes three constraints. Simulation results of
our proposed methods based on the constraints are shown in
Section IV. Section V contains our conclusions.

II. HARDWARE IMPLEMENTATION ANALYSIS

In order to keep the reasonable complexity, ROT totally
has four horizontal and four vertical matrices 𝑅𝑖

ℎ and 𝑅𝑖
𝑣

corresponding to four sets of rotation angles 𝛼𝑖
1, 𝛼𝑖

2, 𝛼𝑖
3, 𝛼𝑖

4,
𝛼𝑖
5, 𝛼𝑖

6, for i = 1,⋅ ⋅ ⋅ ,4. In implementation, the elements of
rotational matrices were scaled and rounded to the nearest
integer. For example, one of the horizontal 4×4 ROT matrixes
is:

𝑅1
ℎ =

⎡
⎢⎢⎣

3736 −1603 48 0
1597 3756 −397 0
112 387 4073 0
0 0 0 4096

⎤
⎥⎥⎦ (4)

As we know, the matrix multiplication process consists of two
steps. Firstly, each coefficient of the input matrix is multiplied
by the transform coefficient at its corresponding position and
obtains the temporal result. Such as 10×5 is (1010)𝑏×(0101)𝑏
in binary, the temporal result is (1010)𝑏, (00000)𝑏, (101000)𝑏



and (0000000)𝑏. The final result (0110010)𝑏 is then achieved
by adding these temporal results together. The multiplication
process in computers can be treated as a series of addition and
shifting operations, and the operation number is decided by the
number of ”1” of the multiplicand (coefficient in the transform
matrix). Meanwhile the whole system delay is determined by
the operation with maximum clock cycles which is also called
critical path. Table I shows the number of ”1” of 𝑅1

ℎ(𝑖, 𝑗), and
the number of corresponding addition and shifting operations.
For simplicity, we assume that shifting and addition both take
one clock cycle. We observe that computing different temporal
results need different clock cycles, for example, for the first
row of 𝑅1

ℎ, 𝑅1
ℎ(1, 1) needs 15 clock cycles and 𝑅1

ℎ(2, 1) needs
12 clock cycles but 𝑅1

ℎ(3, 1) only need 4. And if we compute
one temporal result 𝑡𝑜 in parallel:

𝑡𝑜 = 𝑝(1, 1) ∗𝑅1
ℎ(1, 1) + 𝑝(1, 2) ∗𝑅1

ℎ(2, 1) + 𝑝(1, 3) ∗𝑅1
ℎ(3, 1) (5)

where p is transformed residual matrix. It needs total 15 clock
cycles to receive the temporal results. Actually, 𝑅1

ℎ(2, 1) and
𝑅1

ℎ(3, 1) will be waiting while 𝑅1
ℎ(1, 1) is computing. This

will significantly decrease the data throughput and increase
the power consumption. On the other hand, if we compute
the temporal results in a serial mode with re-using identical
architecture, the required clock cycles for different coefficients
are different and this will result in irregular data flow, complex
control signal, and low efficient pipeline design.

TABLE I: 𝑅1
ℎ Coefficient Operations

Matrix Original Binary Shift Num Adder Num Clock Cycles
R(1,1) 111010110011 8 7 15
R(1,2) 11001000011 5 4 9
R(1,3) 110000 2 1 3
R(2,1) 11000111101 7 6 13
R(2,2) 111010101100 7 6 13
R(2,3) 110001101 5 4 9
R(3,1) 1110000 3 2 5
R(3,2) 110000011 4 3 7
R(3,3) 111111101001 9 8 17

III. PROPOSED HARDWARE ORIENTATED SCHEME

In this section, we propose a hardware-friendly re-design
method in which all multiplications will be substituted by
conformed shifting and addition operations which will result
in a large increase of the hardware efficiency.

A. Reconfigurable k-bit Hardware Approximation

All commands, memory storage, input, and output are done
based on binary in computer. Particularly with hardware, we
do not favor multiplier as it will use significant resources
and lower data throughput. Therefore we want to substitute
multiplication with shifting and adding. However, if we
simply binarize the coefficients, it will not make the hardware
implementation efficient as previously discussed. In this
section, we propose a hardware-friendly re-design scheme
based on our defined mathematical constraints, which will
make multiplication efficiently implemented by hardware with
negligible degradation.

In [5], Xing proposed a mapping method to use a shifting
operation to replace multiplication and with this method, we
can use 𝐴

′
(𝑖, 𝑗) to approximate the original coefficient A(i,j):

𝐴
′
(𝑖, 𝑗) = 2𝑛;𝑛 = 𝑓𝑙𝑜𝑜𝑟⌊ ln𝐴(𝑖, 𝑗)

ln 2
⌋ (6)

Also in [6], the authors give us another mapping method for
the filter coefficients,

𝐴
′
(𝑖, 𝑗) = 2𝑛−10;𝑛 = 𝑓𝑙𝑜𝑜𝑟⌊ ln𝐴(𝑖, 𝑗) << 210

ln 2
⌋ (7)

However, based on our simulation results, simply mapping
as [5] will result in quality drop both in subjective and
objective aspects. The simple reason is the difference between
approximated coefficients 𝐴

′
(𝑖, 𝑗) and the original values

A(i,j) are relatively huge. Therefore in this paper, a new
approximated method, shown in equation (8) which is called
adaptive truncation re-configurable approximation (aTra) is
proposed.

𝐴(𝑖, 𝑗)
′
𝛾𝑘 = 𝑠12

𝑛1 + 𝑠22
𝑛2 ⋅ ⋅ ⋅+ 𝑠𝑘2

𝑛𝑘 ;

𝑛1 = 𝑓𝑙𝑜𝑜𝑟⌊ ln𝐴(𝑖, 𝑗)

ln 2
+ 𝛾1⌋,

𝑛2 = 𝑓𝑙𝑜𝑜𝑟⌊ ln (𝐴(𝑖, 𝑗)− 2𝑛1)

ln 2
+ 𝛾2⌋, ⋅ ⋅ ⋅

𝑛𝑘 = 𝑓𝑙𝑜𝑜𝑟⌊ ln (𝐴(𝑖, 𝑗)− 2𝑛1 − ⋅ ⋅ ⋅ − 2𝑛𝑘−1)

ln 2
+ 𝛾𝑘⌋ (8)

where 𝑠𝑘 is the sign which can be negative or positive and
k indicates the number of pipeline level. Here k can be any
integer which makes a tradeoff between the RD performance
and the data throughput. A larger k will get a good RD
performance with low data throughput, while a smaller k
will degrade the RD performance with high data throughput.
Herein 𝛾𝑖 can be negative or positive to make the adaptive
truncate, for i = 1,⋅ ⋅ ⋅ ,k and 𝛾𝑖 ∈ (−1, 1). For simplicity, in the
experiment we just set 𝛾1 = 𝛾2 = ⋅ ⋅ ⋅ = 𝛾𝑘 = 𝛾.The processing
diagram is shown in Fig.1. After setting the represented bits
for the elements, we can recursively apply the processing
procedure to get the final shifting bit and sign bit.

Absolute
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Integer 
Strategy shift bits

New result value

Inverse 

sign
bits

ln( )
ln 2

ija
ija A

Fig. 1: Proposed minimized difference function with k level
pipeline for transform. A is the original matrix and 𝑎𝑖𝑗 is one
matrix coefficient at corresponding position (𝑖, 𝑗).

The modified method has significant advantages. Firstly, all
the temporal results require the same clock cycles 2k-1, which
lead to the regular data flow. That is, the original non-regular



binary matrix becomes the regular k pipeline level for
efficient hardware implementation. Secondly, if necessary, the
proposed method can largely reduce the number of operations.
Furthermore the parameter 𝛾 makes the error between the
original and the approximated coefficient controllable. Below
we will show how to minimize the error based on the
constraints.

B. Mathematical Constraints of the Approximation

1) Difference Error(DE): Also the hardware friendly
matrix we generate using aTra should largely approximates
the original one. Note A is the original matrix and 𝐴

′
is the

approximated hardware friendly one, therefore the difference
error 𝜉𝐷 after hardware orientated approximation is:

𝜉𝐷 =

𝑁−1∑
𝑖=0

𝑁−1∑
𝑗=0

∣𝐴(𝑖, 𝑗)−𝐴
′
(𝑖, 𝑗)∣ (9)

where 𝑁 and (𝑖, 𝑗) is the dimension and the coefficient
position of the matrix A and 𝐴

′
, respectively.

2) Nonorthogonal Error (NE): If we want to make both
the encoder and decoder side matrix hardware friendly, the
multiplication of encoder and decoder matrix may not equal
to identity matrix. This will bring the reconstruction error for
the whole codec. Below we will discuss the reconstruction
error without the quantization which we also do not consider
in this paper. Consider a vector 𝑋 with dimension 𝑁 . 𝑋 is
transformed by matrix 𝑇 at the encode side. Let 𝑌 be the
reconstructed matrix, where Y = 𝑇

′
𝑇X and 𝑇

′
is the decoder

side matrix. 𝑇
′
𝑇 may not be equal to the identity matrix I for

the sake of approximation. The difference between 𝑇
′
𝑇 and I

is denoted as 𝐸𝑟, ie., 𝐸𝑟 = 𝑇
′
𝑇 - I. The average variance of

the reconstruction error 𝜉𝑅 can be expressed as:

𝜉𝑅 =
1

𝑁

𝑁−1∑
𝑚=0

𝐸[(𝑋𝑚 − 𝑌𝑚)2] =
1

𝑁
𝐸[(𝑋 − 𝑌 )𝑇 (𝑋 − 𝑌 )]

=
1

𝑁
𝐸[(𝐸𝑟𝑋)𝑇 (𝐸𝑟𝑋)] =

1

𝑁
𝐸[𝑋𝑇𝐸𝑇

𝑟 𝐸𝑟𝑋] (10)

let H = 𝐸𝑇
𝑟 𝐸𝑟, and the deduction continues,

𝜉𝑅 =
1

𝑁
𝐸[𝑋𝑇𝐻𝑋] =

1

𝑁

𝑁−1∑
𝑖=0

𝑁−1∑
𝑗=0

𝐻(𝑖, 𝑗)𝐸[𝑥(𝑗)𝑥(𝑖)]

(11)

In order to give the definition of 𝐸[𝑥(𝑗)𝑥(𝑖)], we should
analyze the transformed residues first. The inter and intra
prediction exploit the image’s redundancy to make the
residues highly uncorrelated. Also DCT has the ability to
de-correlate the type of signals found in image data [7].
Thus where the original one frame video is highly correlated,
the transformed residues can be seen as uncorrelated random
variables with zero mean. So

∑𝑁−1
𝑖=0

∑𝑁−1
𝑗=0 𝐸[𝑥(𝑗)𝑥(𝑖)] is

equal to the variance of the source. Suppose the variance
is constant for the signal so the upper bound of the
equation (11) is determined by

∑𝑁−1
𝑖=0

∑𝑁−1
𝑗=0 𝐻(𝑖, 𝑗). Hence

minimize average variance of the reconstruction error is equal

to minimize
∑𝑁−1

𝑖=0

∑𝑁−1
𝑗=0 𝐻(𝑖, 𝑗). It is, however, slightly

complicated to apply the above result to the transform which
needs two different matrices at the left and right side, such as
ROT. Here we assume 𝑇1 and 𝑇2 is the left and right transform
matrix, respectively. After transforming it becomes 𝑇1X𝑇2 and
the reconstructed results is 𝑇

′
1𝑇1X𝑇2𝑇

′
2, where 𝑇

′
1 and 𝑇

′
2 is

the approximated matrix in the decoder side. Of course, they
may not be orthogonal to the matrix 𝑇1 and 𝑇2. Equally, let
𝑇

′
1𝑇1 = 𝑃 and 𝑇

′
2𝑇2 = 𝑄. Then the average variance of

reconstruction error 𝜉𝑅 is:

𝜉𝑅 =
1

𝑁2

𝑁−1∑
𝑖=0

𝑁−1∑
𝑗=0

𝐸[(𝑋(𝑖, 𝑗)− 𝑌 (𝑖, 𝑗))2]

=
1

𝑁2
𝐸[(𝑣𝑒𝑐(𝑋)− 𝑣𝑒𝑐(𝑌 ))𝑇 (𝑣𝑒𝑐(𝑋)− 𝑣𝑒𝑐(𝑌 ))] (12)

=
1

𝑁2
𝐸[(𝑣𝑒𝑐(𝑋)− 𝑣𝑒𝑐(𝑃𝑋𝑄))𝑇 (𝑣𝑒𝑐(𝑋)− 𝑣𝑒𝑐(𝑃𝑋𝑄))]

Here, vec(X) denotes the vectorization of the matrix X formed
by stacking the columns of X into a single column vector.
Then, the following relationship can obtain:

𝑣𝑒𝑐(𝑋)− 𝑣𝑒𝑐(𝑃𝑋𝑄) = 𝑣𝑒𝑐(𝑋)− (𝑄𝑇 ⊗ 𝑃 )𝑣𝑒𝑐(𝑋)

= [𝐼𝑛×𝑛 − (𝑄𝑇 ⊗ 𝑃 )]𝑣𝑒𝑐(𝑋) (13)

where the ′⊗′ is the Kronecker product. And then combine
(13) and (12), the final 𝜉𝑅 is:

𝜉𝑅 =
1

𝑁2
𝐸[𝑣𝑒𝑐(𝑋)𝑇 [𝐼𝑛×𝑛 − (𝑄𝑇 ⊗ 𝑃 )]𝑇

[𝐼𝑛×𝑛 − (𝑄𝑇 ⊗ 𝑃 ]𝑣𝑒𝑐(𝑋))] (14)

Here, similarly let 𝐸𝑟 = 𝐼𝑛×𝑛 − (𝑄𝑇 ⊗ 𝑃 ) and 𝐻 = 𝐸𝑇
𝑟 𝐸𝑟

and , then the final form of this derivation arrives:

𝜉𝑅 =
1

𝑁2
𝐸[𝑣𝑒𝑐(𝑋)𝑇𝐻𝑣𝑒𝑐(𝑋))] (15)

Similarly, as we derived previously, here, we minimize∑𝑁×𝑁−1
𝑖=0

∑𝑁×𝑁−1
𝑗=0 𝐻(𝑖, 𝑗). Let nonorthogonal error be

𝜉𝑅 =
∑𝑁×𝑁−1

𝑖=0

∑𝑁×𝑁−1
𝑗=0 𝐻(𝑖, 𝑗).

Below we propose three encoder and decoder side hardware
approximation constraints.

(1) Where Difference Error (DE) is used for the encoder
and decoder side.

C = 𝜉𝐷(𝛾)𝐸𝑛 + 𝜉𝐷(𝛾)𝐷𝑒; (16)

where 𝜉𝐷(𝛾)𝐸𝑛 is the encoder side difference error and
𝜉𝐷(𝛾)𝐷𝑒 is the decoder side difference error.

(2) Where Non-orthogonal Error (NE) is used for the whole
video coding processing.

C = 𝜉𝑅(𝛾); (17)

(3) Where DE is used for the encoder side constraint and
NE for the decoder side constraint.

C = 𝜉2𝐷(𝛾) + 𝜉𝑅(𝛾); (18)

Note that in eq.(18) 𝜉𝐷(𝛾) is squared because the 𝜉𝑅(𝛾) is an
energy function. The process we adopt in the hardware friendly



approximation is to choose the optimal 𝛾 which enforces
minimized error function C (𝛾):

𝑎𝑟𝑔𝑚
𝛾
𝑖𝑛(C (𝛾)); (19)

Note that the constraints above are parallel, any one of the
proposed constraints can be used to obtain the optimal 𝛾. After
obtaining the optimal 𝛾, we can use equation (8) to obtain the
hardware friendly matrix. In the implementation we should
first set the number of pipeline k for the encoder and decoder
side balancing the complexity and the RD performance, and
then perform the approximation based on one of the proposed
constraints. Also note that this approximation process will
not introduce the drifting error due to the inverse transform
mismatch caused by the k-bit approximation of transform
coefficients which is already reported in [8].

IV. SOFTWARE EXPERIMENTAL RESULTS
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Fig. 2: BQTerrace Intra HE: RD Curve example of Proposed
HF ROT vs. Original ROT and SHF ROT

Firstly, we apply our proposed method with k = 4 to the
matrix 𝑅1

ℎ illustrated before. The obtained matrix is nearly
the same as the original matrix. Furthermore if we set k = 5,
the approximated matrix is totally the same as the original.
Actually, in real implementation, we set k considering the
tradeoff between the RD performance and the complexity.
If k is large it will induce more complexity with better
RD performance, on the contrary, it will obtain worse RD
performance with lower complexity. Also if the approximated
matrix is obtained by our proposed method with k pipeline,
the shifting number for every coefficient is k and the number
of addition is (k-1) which is regular for the whole processing.
Now the clock cycles for different coefficients of one pass
transform restricts to (2k-1) based on our proposed method, it
will largely lift the utilization of hardware resources, reduce
the complicated control signal and make the data flow regular.

In the experiment, we set the forward ROT k = 5 and the
inverse k = 3 to balance the quantity and quality, obtaining
the Hardware Friendly ROT (HF-ROT). As space is limited,
here we have only listed the error curve using equation (17)
in Fig.3.

After obtaining optimal 𝛾, we can generate the hardware
friendly matrix for the encoder and decoder. The test condition
satisfies [9] and all the work is based on HM1.0. Note that
ROT has been removed from the main part of HEVC but it

need further study, so here all the work is based on HM1.0
not the latest version. Here we use BDrate [10] to evaluate
the results. Fig.2 illustrates R-D curve of BQTerrace compared
original ROT implementation, simple hardware friendly ROT
(SHF ROT) implementation [5] and HF ROT. From the figure
we can see that our proposed method can achieve similar
performance as the original one which is much better than
the simple hardware implementation and importantly, this
design performance can be controlled. Table II shows the
”all intra” test case and overall ”random access” test case
HF-ROT results for different video sequences compared with
the original ROT. Note that a negative number in the table
means a gain and vice versa. With BD-rate of about -0.2% for
intra high efficiency (HE) and -0.3% for intra low complexity
(LC) (High Efficiency(HE) and Low Complexity (LC) are both
profiles for HEVC) and even the same performance (less than
0.1%) for random access, the proposed method achieves the
regular data flow(all the coefficients need the same processing
clock), makes hardware implementation easily.

V. CONCLUSION

In this paper, we propose a hardware-friendly orientated
re-design based on minimized error function and the aTra.
This re-design can make data flow regular, making the scheme
hardware friendly and decrease the time delay, significantly
increasing the utilization of the hardware resources. We tested
our method on the current secondary rotational transform in
HM. Simulation results for the intra and random access based
on the test condition show that it can achieve comparable
performance as the original one. Of course, this method is not
restrict to the ROT, it could be apply to other matrix related
hardware oriented design. Importantly, the RD performance
and the data through output can be controlled. The hardware
design is just the combination of adders and shifters which
can be the same for one PE (processing element).
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TABLE II: Overall experimental results on the HM1.0 Platform for Intra and Random Access
Intra HE Intra Loco Random HE Random Loco

Resolution Y (BDrate%) U (BDrate%) V (BDrate%) Y U V Y U V Y U V
2560×1600 0.3 0.2 0.1 0.4 0.2 0.2 0.1 0.1 0.1 0.1 0.0 0.2
1920×1080 0.2 0.2 0.2 0.4 0.3 0.3 0.1 0.3 0.1 0.1 0.0 0.2

832×480 0.1 0.0 0.0 0.2 0.1 0.1 0.0 0.0 0.1 0.0 0.1 -0.1
416×240 0.1 0.0 0.0 0.2 0.1 0.1 0.0 -0.3 -0.1 0.1 0.0 0.2

1280×720 0.2 0.1 0.0 0.3 0.2 0.1 N/A N/A N/A N/A N/A N/A
Average 0.18 0.1 0.06 0.3 0.18 0.16 0.05 0.025 0.05 0.075 0.02 0.1
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