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Abstract—This paper gives conjecture on the absence of limit
cycles of the minimum L2-sensitivity realizations subject to L2-
scaling constraints for second-order digital filters. We design
second-order digital filters with various pole-zero configurations,
synthesize the minimum L2-sensitivity realizations subject to
L2-scaling constraints, and examine if their coefficient matrices
satisfy a sufficient condition for the absence of limit cycles. As
a result, in the range of practical pole radii, it is shown that
the minimum L2-sensitivity realizations subject to L2-scaling
constraints of second-order digital filters satisfy a sufficient
condition for the absence of limit cycles. Furthermore, we
demonstrate the absence of limit cycles of the minimum L2-
sensitivity realizations of a second-order digital filter by observing
its zero-input response.

I. INTRODUCTION

On the fixed-point implementation of digital filters, undesir-
able finite-word-length (FWL) effects arise. Limit cycles occur
in recursive digital filters implemented with FWL due to the
nonlinear action of adder overflow and quantization of the
products.

The balanced realization and the minimum roundoff noise
realization are the minimum L1/L2-sensitivity realizations
without L2-scaling constraints and subject to L2-scaling con-
straints, respectively, and do not generate limit cycles [1], [2].
However, it would be more natural to use L2-sensitivity than
to use L1/L2-sensitivity as a coefficient sensitivity since L2-
sensitivity measure is formulated without any approximation
while L1/L2-sensitivity is formulated with approximation [3]–
[9]. Therefore, it is worth investigating the limit cycles of the
minimum L2-sensitivity realizations.

Our group previously proved the absence of limit cycles
of the minimum L2-sensitivity realizations without L2-scaling
constraints [10]. However, in actual signal processing scene,
L2-scaling constraints are necessary for preventing overflow of
state variables. Hinamoto et al. proposed iterative solutions for
synthesis of the minimum L2-sensitivity realizations subject to
L2-scaling constraints [6], [7]. Our group proposed an iterative
solution which achieves the L2-sensitivity minimization with
quite fast convergence [8]. Furthermore, our group proposed
closed form solutions for second-order digital filters [9].
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Fig. 1. Block diagram of a state-space digital filter.

In this paper, we numerically give conjecture on the absence
of limit cycles of the minimum L2-sensitivity realizations sub-
ject to L2-scaling constraints of second-order digital filters. We
design second-order digital filters for various pole-zero config-
urations, synthesize the minimum L2-sensitivity realizations,
and examine if their coefficient matrices satisfy a sufficient
condition for the absence of limit cycles. Furthermore, we
demonstrate the absence of limit cycles of the minimum L2-
sensitivity realizations subject to L2-scaling constraints of a
second-order digital filter by observing its zero-input response.
As a result, we conjecture that the minimum L2-sensitivity
realizations subject to L2-scaling constraints of second-order
digital filters are free of limit cycles for most practical cases.

II. PRELIMINARIES

A. State-Space Digital Filters

Consider a stable, controllable, and observable N th-order
state-space digital filter described by

x(n + 1) = Ax(n) + bu(n) (1)

y(n) = cx(n) + du(n) (2)

where x(n) ∈ RN×1 is a state-vector, u(n) ∈ R is a scalar
input, y(n) ∈ R is a scalar output, and A ∈ RN×N , b ∈
RN×1, c ∈ R1×N , d ∈ R are coefficient matrices. The block
diagram of the state-space digital filter (A, b, c, d) is shown in
Fig. 1. The transfer function H(z) is described in terms of the
coefficient matrices (A, b, c, d) as H(z) = c(zI−A)−1b+d.



B. L2-Sensitivity

The L2-sensitivity of the filter H(z) with respect to the
realization (A, b, c, d) is defined by

S(A, b, c) =
∥∥∥∥∂H(z)
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Hinamoto et al. expressed the L2-sensitivity in terms of the
general Gramians as follows [4]:

S(A, b, c) = tr(W 0)tr(K0) + tr(W 0) + tr(K0)

+2
∞∑

i=1

tr(W i)tr(Ki) (4)

where K0 and W 0 are the controllability and observability
Gramians, respectively, Ki and W i are the general controlla-
bility and observability Gramians, respectively. The controlla-
bility and observability Gramians (K0,W 0) can be obtained
by solving the following Lyapunov equations:

K0 = AK0A
T + bbT (5)

W 0 = AT W 0A + cT c. (6)

Our group previously proposed a novel expression of general
Gramians as follows [8]:

Ki =
1
2

(
AiK0 + K0(AT )i

)
(7)

W i =
1
2

(
W 0A

i + (AT )iW 0

)
. (8)

C. Limit Cycles in State-Space Digital Filters

Under zero input condition, the following state-space equa-
tions are obtained:

x(n + 1) = Ax(n) (9)

y(n) = cx(n) (10)

by letting u(n) = 0 in (1) and (2). Eq. (9) describes the au-
tonomous behavior of the state-space digital filter. In this equa-
tion, coefficient matrix A is called transition matrix. When
this digital filter is stable, we have limn→∞ x(n) = 0 for any
initial state x(0). However, the actual digital filters imple-
mented by finite word-length have nonlinearities due to adder
overflow and quantization errors. For recursive digital filters,
these nonlinearities cause undesirable limit cycles, which can
be classified into overflow limit cycles and granular limit
cycles. Adder overflow causes large-amplitude autonomous
oscillations, which is called overflow limit cycles. On the
other hand, quantization causes small-amplitude autonomous
oscillations, which is called granular limit cycles.

The state transition of the digital filter considering the
overflow is described by

x(n + 1) = f [Ax(n)] (11)

where f is a nonlinear function describing overflow charac-
teristic. The nonlinear function f satisfies

|fi(xi)| ≤ |xi|. (12)

Overflow characteristics (two’s complement, saturation, and
zeroing) satisfy the above inequality. It is known that nonlin-
earity of the quantization using signed-magnitude truncation
after addition is also described by the function f which
satisfies the inequality (12).

D. Sufficient Conditions for the Absence of Limit Cycles

Under the conditions described by (11) and (12), Some
sufficient conditions for state-space digital filters to be free
of limit cycles have been proposed as follows:

Theorem 1: [11] If the transition matrix A satisfies

‖A‖2 < 1 (13)

the system will be asymptotically stable, and no limit cycles
can exist.

Theorem 2: [12] Let A be the transition matrix. If there
is a diagonal matrix D with positive diagonal for which

D − AT DA > 0 (14)

is satisfied, the given system does not generate limit cycles. 1

Theorem 3: [12] Let A be a 2×2 matrix whose eigenvalues
satisfy |λ| < 1. There exists a positive definite diagonal matrix
D which satisfies D − AT DA > 0 if and only if⎧⎪⎨

⎪⎩
(a) a12a21 ≥ 0
or
(b) a12a21 < 0, |a11 − a22| + det(A) < 1

(15)

for second-order digital filters.
Theorem 4: [1] The transition matrix A of an N th-order

state-space digital filter (A, b, c, d) satisfies D−AT DA > 0
if the controllability Gramian K0 and observability Gramian
W 0 have the following relation:

W 0 = DK0D (16)

for a positive definite diagonal matrix D.
If one of these sufficient conditions is satisfied for a given

digital filter structure, we can conclude that the digital filter
structure does not generate limit cycles. We have to note
that limit cycles in state-space digital filters (A, b, c, d) only
depend on coefficient matrix A. The other coefficient matrices
(b, c, d) do not matter in considering limit cycles.

III. LIMIT CYCLES IN THE MINIMUM L2-SENSITIVITY

REALIZATIONS

A. The L2-Sensitivity Under Coordinate Transformations

Let T be a nonsingular N ×N real matrix. If a coordinate
transformation defined by x̄(n) = T−1x(n) is applied to a
filter realization (A, b, c, d), we obtain a new realization which
has the following coefficient matrices

(Ā, b̄, c̄, d̄) = (T−1AT ,T−1b, cT , d) (17)

1In fact, it is known that ‖A‖2 < 1 if and only if I − AT A > 0.
Therefore, Theorem 1 is a special case of Theorem 2 where matrix D is
chosen to be the identity matrix I.
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Fig. 2. L2-scaling constraints of state-space digital filters.

and the following general Gramians

(K̄i, W̄ i) = (T−1KiT
−T ,T T W iT ) (18)

respectively. The L2-sensitivity of the filter (Ā, b̄, c̄, d̄) can be
expressed as follows:

S(P ) = tr(W 0P )tr(K0P
−1) + tr(W 0P ) + tr(K0P

−1)

+2
∞∑

i=1

tr(W iP )tr(KiP
−1) (19)

where P = TT T is a positive definite symmetric matrix.

B. Minimum L2-Sensitivity Realizations Subject to L2-scaling
constraints

In order to prevent the overflow of state variables, the vari-
ance of state variables must be unity under the white Gaussian
input with zero mean and unit variance as shown in Fig. 2. It
follows that each diagonal element of the covariance matrix
of (T−1AT ,T−1b, cT , d), which represents the variance of
the state variables, must be unity such as

(T−1K0T
−T )ii = 1 (i = 1, · · · , N). (20)

The above constraints are called L2-scaling constraints. Under
the constraints, L2-sensitivity minimization problem subject to
L2-scaling constrains is formulated as follows [6]–[9]:

min
P

S(P ) in Eq. (19) (21)

subject to tr(K0P
−1) = N.

To this problem, Hinamoto et al. proposed iterative solutions
[6], [7], and our group proposed an iterative solution with quite
fast convergence [8]. Furthermore, our group proposed closed
form solutions for second-order digital filters [9].

So far, it has not been clarified whether the minimum L2-
sensitivity realization subject to L2-scaling constraints satisfy
the sufficient conditions for the absence of limit cycles. We
can show that sufficient conditions (13) in Theorem 1 and (16)
in Theorem 4 do not hold for the minimum L2-sensitivity real-
izations subject to L2-scaling constraints in general. Therefore,
we have two other ways to prove the absence of limit cycles:
examining sufficient conditions (14) in Theorem 2 or (15) in
Theorem 3.
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Fig. 3. Values of |a11 − a22| + det(Aopt) of the minimum L2-sensitivity
realizations subject to L2-scaling constraints of second-order digital filters for
various poles (λ1, λ2) in Eq. (23).

IV. NUMERICAL EXAMPLES

For second-order digital filters, we can synthesize the min-
imum L2-sensitivity realizations subject to L2-scaling con-
straints (Aopt, bopt, copt, dopt) in closed form [9]. We can prove
that the coefficient matrix Aopt always satisfy a12a21 < 0.
Therefore, it is worth examining the sufficient condition in
Eq. (15b) for second-order digital filters.

Consider second-order digital filters with poles (λ1, λ2) and
zeros (p1, p2) given by

H(z) = c
(1 − p1z

−1)(1 − p2z
−1)

(1 − λ1z−1)(1 − λ2z−1)
(22)

where c is an arbitrary real scalar, which does not affect the
limit cycles. We take various poles (λ1, λ2) and fixed zeros
(p1, p2) as follows:

(λ1, λ2) = (rejθ, re−jθ)

where

{
r = 0.01, 0.02, · · · , 0.98, 0.99
θ = [0.02, 0.04, · · · , 0.96, 0.98] × π

(23)

(p1, p2) = (−1,−1) (fixed). (24)

For all poles and zeros above, we synthesize the minimum L2-
sensitivity realization (Aopt, bopt, copt, dopt) and calculate the
value of |a11 − a22| + det(Aopt).

The experimental result is shown in Fig. 3. The condition
|a11 − a22| + det(Aopt) < 1 is satisfied for all pole locations
given in Eq. (23). We can see that the values of |a11 − a22|+
det(Aopt) mainly depend on the pole radius r, rather than the
pole angle θ. As the pole radius r becomes close to 1, |a11 −
a22|+det(Aopt) approaches to 1. Although zeros (p1, p2) are
fixed in this example, we have experimentally confirmed that
the condition |a11 − a22|+ det(Aopt) < 1 is satisfied for also
other set of zeros (p1, p2).

We next demonstrate the absence of limit cycles of the
minimum L2-sensitivity realization subject to L2-scaling con-
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(a) Minimum L2-sensitivity realization
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Fig. 4. Zero-input responses. x1(n) and x2(n) are state variables denoted by
x(n) = [x1(n) x2(n)]T .

straints by observing zero-input responses. Consider a second-
order narrow-band band-pass digital filter H(z) given by

H(z) =
0.0032 + 0.0064z−1 + 0.0032z−2

1 − 1.8641z−1 + 0.9604z−2
. (25)

The above second-order digital filter is obtained by letting
poles (λ1, λ2) = (0.98 exp(j0.1π), 0.98 exp(−j0.1π)), zeros
(p1, p2) = (−1,−1), and c = 0.0032 in Eq. (22). The
minimum L2-sensitivity realization subject to L2-scaling con-
straints is given by

[
Aopt bopt

copt dopt

]
=

⎡
⎣ 0.9320 0.3029 0.0520

−0.3027 0.9320 0.2765
0.1416 0.0178 0.0032

⎤
⎦ . (26)

We calculate the zero-input responses of the minimum L2-
sensitivity realization and the direct form II, with the initial
state x(0) = [0.9,−0.9]T . We let the dynamic range of signals
to be [−1, 1) and adopt two’s complement as the overflow
characteristic. The zero-input responses are shown in Fig. 4(a)
and 4(b). In this numerical example, the overflow of the state
variables occurs in both cases. For the minimum L2-sensitivity
realization subject to L2-scaling constraints, the state variables
x1(n) and x2(n) converge to zero without limit cycles after
the overflow, as shown in Fig. 4(a). On the other hand, for
the Direct Form II, a large-amplitude autonomous oscillation
is observed as shown in Fig. 4(a).

From these numerical results, we conjecture that the min-
imum L2-sensitivity realizations subject to L2-scaling con-
straints are free of limit cycles for second-order digital filters.
However, it has not been clarified whether these results always
hold or not, since they are just numerical results for specific
poles. Therefore, it is our future work to give a theoretical
evidence for these results.

V. CONCLUSIONS

This paper numerically showed the absence of limit cycles
in second-order digital filters with minimum L2-sensitivity
subject to L2-scaling constraints. We designed second-order
digital filters for various pole-zero configurations, synthesized
the minimum L2-sensitivity realizations, and examined if
their coefficient matrices satisfy a sufficient condition for
the absence of limit cycles. Furthermore, we demonstrate
the absence of limit cycles of the minimum L2-sensitivity
realizations subject to L2-scaling constraints of a second-
order digital filter by observing its zero-input response. From
the numerical results, we conjecture that the minimum L2-
sensitivity realizations subject to L2-scaling constraints of
second-order digital filters are free of limit cycles in general.
Our future work is giving a theoretical proof of the absence of
limit cycles in the minimum L2-sensitivity realizations subject
to L2-scaling constraints.
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