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Abstract—Spatial filtering is useful for extracting features from
multichannel EEG signals. In order to enhance robustness of the
spatial filter against low SNR and small samples, we propose
a smoothing method for the spatial filter using spectral graph
theory. This method is based on an assumption that the electrodes
installed in nearby locations observe the electrical activities
of the same source. Therefore the spatial filter’s coefficients
corresponding to the nearby electrodes are supposed to be taken
similar values, that is, the coefficients should be spatially smooth.
To introduce the smoothness, we define a graph whose edge
weights represent the physical distances between the electrodes.
The spatial filter spatially smoothed is found out in the subspace
that is spanned by the smooth basis of the graph Fourier
transform. We evaluate the method with artificial signals and
a dataset of motor imagery brain computer interface. The
smoothness of the spatial filter given by the method provides
robustness of the spatial filter in the condition that the small
amount of the samples is available.

I. I NTRODUCTION
Electroencephalogram (EEG) is a record electrical activities
of a brain. Because analyzing spatial features of the activities
is important in several situations, a multichannel measurement
of EEG where electrodes are installed in various locations on
a head surface has been widely used. One of the effective
methods to analyze the multichannel EEG signals is spatial
filtering [1], which is used for improving the signal to noise
ratio (SNR) of observed signals or separating some activities
from the observations [2]. The spatial filtering is formulated
by a weighted-sum of the signals observed at electrodes [3],
[4]. The spatially filtered signal is given as;
y(t) =

M
∑

wi xi (t),

(1)

i=1

where xi (t) denotes a signal observed at the ith electrode at
time t, M denotes the number of the electrodes, wi denotes
a spatial weight for the ith electrode, and y(t) denotes an
extracted signal. The problem to extract certain components
from observations of the sensor array is to find the weight
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vector denoted by w = [w1 , . . . , wM ]> under a certain
criterion, where ·> is the transpose of a vector or a matrix.
For this purpose, learning approaches using observed signals
are widely adopted [5], [6]. A number of signal processing
techniques such as Wiener filtering, principal component analysis (PCA), independent component analysis (ICA) [4], and so
forth are involved in this problem.
However, the learning procedure can be ill-posed because of
a limited number of sensors and samples. Hence regularization
is widely used to prevent to solve an ill-posed problem or
overfitting in signal processing and machine learning [7], [8].
The regularization for an optimization problem is to add a
penalty term, which represents additional information such as
smoothness or bounds of the vector norm of parameters to
be optimized, to an original cost function. In this way, the
regularization can help to design more robust spatial weights
against ill-posed problems [9].
Recently, the regularizations making the optimized spatial
filter spatially smooth have been proposed for EEG signal
processing [9]–[11]. The regularizations are motivated by the
following assumption: the signals measured by the electrodes
that are located near each other (the nearby sensors) are similar
and also the observed components are similar. To describe the
assumption, consider a measurement device of EEG. The EEG
signal reflects the summation of the synchronous activity of
thousands or millions of neurons [12]–[14]. Hence, the nearby
sensors may observe the activities which are induced from
the same source. This idea also motivates the popular signal
preprocessing methods for EEG signals such as the Laplacian
filter that averages the signals observed in the nearby sensors
and improves SNR in EEG signal processing [2], [15]. The
researches of the regularizations based on the assumption have
suggested that the smoothing with the spatial filter improves
its robustness [9]–[11]. However, it is difficult to choose
the regularization parameter because the parameter should be
chosen out of all real values.
In this paper, we propose a novel method giving the spatial
smoothness for the spatial filter optimization by a spectral
graph based method. The proposed method constrains the
variable space for the spatial filter. The constrained variable
space is designed by the graph Fourier transform (GFT) [16],
[17]. The GFT is a transform for a graph signal that consists
of the signal values and the signal structure represented by
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the graph. The GFT can make the smooth basis for the target
graph [18], [19]. By utilizing the feature of GFT, we make the
graph representing the electrode arrangement and design the
spatially smoothing basis functions, which gradually change
across the electrode positions, for the variable space. By
designing the spatial filter as a linear combination of the
basis functions, the proposed method can design the spatially
smoothed spatial filter. We show the solution of the spatial
filter for an optimization problem formulated by a generalized
Rayleigh quotient with the constraint of the search space. In
this formulation, the tuning of the regularization parameter
becomes simple, because we do not choose the parameter out
of all real values but choose the number of the basis function
out of the limited number of candidates. The maximum
number of the basis function (the number of the parameter
candidates) is the same as the number of the vertexes of the
graph, that is, the number of the electrodes. We show some
efficiencies of the proposed method with PCA and common
spatial pattern (CSP) [6] in experiments with artificial signals
and BCI datasets, respectively.
II. S PATIALLY S MOOTHING BY G RAPH F OURIER
T RANSFORM
A. EEG Signals on Graph
The electrodes for EEG recording have a geometric structure
that is the locations or arrangement of the electrodes on the
head surface. By describing the geometric structure by a graph,
EEG signals and its spatial filter can be treated as the graph
signal.
The EEG signals connected by the graph G = {V, E, W },
where V is a finite set of vertices (electrodes), E is a set of
edges, and W is a weighted adjacency matrix [17]. The entry
of the ith column and the jth row of W represents the weight
of the edge connecting the ith and jth vertices.
In this paper, the weight matrix W is determined based on
the distance between the electrodes by the following way. First,
we define a distance between electrodes on the arrangements
used for the EEG measurement. International 10-20, 10-10,
and 10-5 methods [12], [20], [21] have stood as the de facto
standard of the electrode arrangements. In these systems,
locations on a head surface are described by relative distances
between cranial landmarks over the head surface. Under an
assumption that the shape of head is a sphere, the locations
on head surface can be described by coordinates denoted by
ξ = {x, y, z}. We define the orthogonal coordinates described
in Fig. 1, which illustrates the electrode positions of the
international 10-20 method.
Given the positions of two electrodes as ξi = {xi , yi , zi }
and ξj = {xj , yj , zj }. The question arising here is: how to
define the distance between two points on the head. The Euclidean distance defined by dij = kξi −ξj k is a straightforward
solution. The distance is the same as the length of the line
segment connecting two electrodes. The example of the line
segment between F 3 and Cz electrodes is illustrated in Fig. 1.

Fig. 1. The electrode arrangement of the international 10-20 method on the
orthogonal coordinates.

Consider a multichannel system consisting of M electrodes.
We obtain the distances between each electrode as {dij }M
i,j=1 .
To connect the vertices corresponding to the nearby electrodes,
the Gaussian metric between two points;
{
( 2 )
d
exp − 2qij2 , dij ≤ κ
[W ]ij =
, ∀i, j = 1, . . . , M
0,
otherwise
(2)
is employed, where q denotes a parameter to tune the closeness
of the two electrodes and κ is a threshold.
The connections between electrodes are described by (2),
then we can define the graph Laplacian [17] defined as
L = D − W,

(3)

where D is a diagonal∑matrix whose diagonal elements are
M
defined as [D]ii =
i=1 [W ]ij . A basis of GFT on G
is obtained as a set of the eigenvectors of L [17]. The
−1
orthonormal basis {ui }M
i=0 satisfies
Lui = λi ui ,

∀i = 0, . . . , M − 1.

(4)

The indexes of the eigenvalues and the eigenvectors are
decided in such a way that 0 = λ0 < λ1 ≤ λ2 ≤ · · · ≤ λM −1 .
The orthonormal basis of GFT have similar features to those
of the discrete Fourier transform. The graph Laplacian eigenvector u0 is constant, and ones corresponding to the lower
eigenvalues vary slowly across the graph.
B. Design of Spatial Filter on a Subspace
In order to give the smoothness to the optimizing spatial
filter, we introduce a constraint term that restricts the space
in which the spatial filter is found. An optimization problem
with the constraint is defined as
max
w

subject to

J(w),
w ∈ UP = Span{u0 , u1 , . . . , uP −1 },

(5)

where J(w) is a cost function of the spatial filter w and
Span{· · · } is a subspace spanned by vectors. The constraint
means that w can be represented by a linear combination of

the basis function in UP . We next show the solution of the
cost function formulated as a generalized Rayleigh quotient.
The criteria based on a generalized Rayleigh quotient are
well known in problems finding projections [22]. For example,
PCA, linear discriminant analysis (LDA) [8], and CSP [6]
are formulated with this criterion. The optimization problem
with the constraint of the subspace induced from the GFT is
represented by

generated, and M is the number of the channels. The model
of observations are defined as

w> Aw
,
w
w> Bw
subject to w ∈ UP ,

We generated some samples by (12) and extracted the
feature component as the principal component. The principal
component p̂ is estimated by solving the problem;

max

(6)

[xi ]j = [s]j + η,

(7)

−1
where {vi }P
i=0 are arbitrary scalar coefficients, UP is a matrix
defined as UP = [u0 , . . . , uP −1 ], and v is a vector defined as
v = [v0 , . . . , vP −1 ]> . Then, the problem (6) can be translated
to a problem finding v by change of variables. The problem
for finding v is formulated by

max
v

v > Âv
v > B̂v

,

(8)

B. Spatially Smoothing PCA

B̂ = UP> BUP .

(9)

The optimal solution v̂ of (8) is given as the generalized eigenvector corresponding to the largest generalized eigenvalue of
the generalized eigenvalue problem:
Âv = λB̂v.

p̂ = arg min
p

N
∑

kp> (xi − x̄)k2

(13)

i=1
>

= arg max p Σp,
x

where x̄ is the sample mean defined as x̄ = (1/N )
and Σ is a sample covariance matrix defined as
1 ∑
(xi − x̄)(xi − x̄)> .
N − 1 i=1

∑N
i=1

xi

N

Σ=

(14)

This problem (13) is equivalent to the problem (6) if B = I.
The principal component is regarded as the spatial filter in this
experimental condition. Therefore, the proposed constraint can
be applied and the optimal solution can be found.
C. Results

where Â and B̂ are the matrices defined as
Â = UP> AUP ,

(12)

where η is a stochastic noise and N is the number of the
observed samples.

where A and B are symmetric matrices. The set
{u0 , u1 , . . . , uP −1 } can be the orthogonal basis of UP because they can be chosen to be orthogonal each other. Therefore, w can be represented as
w = v0 u0 + v1 u1 + · · · + vP −1 uP −1 = Up v,

i = 1, . . . , N,

(10)

Then, the optimal w is obtained by (7).
III. E XPERIMENT WITH A RTIFICIAL S IGNALS
An analysis of the proposed method by a toy experiment
with artificial signals is given. We assume the feature being
distributed spatially and smoothly. Observations are generated
as the mixture of the synthetic feature component and noise.
We show the result of the principal component estimated with
the proposed method of the observations.
A. Generating Artificial Signal
The artificial signal is generated as follows. The feature
components;
)
(
kj − os k2
[s]j = exp −
, j = 1, . . . , M,
(11)
2σ 2
are introduced for each channel, where j is the coordinates
of the jth electrode, σ 2 is a parameter controlling the spatial
extent of the components, os is the coordinates representing
the location in which the feature component is supposed to be

The conditions of the experiment are as follows. The electrode arrangement is shown in Fig. 2. Although the electrode
location is given by 3 dimensional coordinates, in order to
represent the arrangement on 2 dimensional plot in Fig. 2, we
transform the coordinates into the 2 dimensional coordinates
ˆj as
kj − ok
ˆj = µj
,
(15)
kµj k
where µj is the coordinates being removed the value of z-axis
defined as µj = [[j ]1 , [j ]2 ]> and the origin o is defined
as o = [0, 0, 1]> . From now on, we use the same metric
for 2 dimensional topographical plot. The source location os
is [0.0, −0.7, 0.7]> and the variance σ 2 is 0.4. The feature
components illustrated in Figs. 3a and 3b. The noise η is
generated from a Gaussian distribution with zero-mean and
unit variance. As an example, we show the observations in
Fig. 4.
The results of the standard PCA are shown in Fig. 5.
We can observe that the principal component estimated with
100 samples (NL = 100) can represent the desired feature
component, because the coefficients corresponding to the
electrodes that observe the large feature components are large.
On the other hand, the principal component estimated with 5
samples (NL = 5) is influenced strongly by noise and the
large coefficients scatter spatially at the various electrodes.
With the same procedure for PCA, we applied PCA with
the proposed constraint to the artificial signals. The basis of
GFT of the graph describing the electrode arrangement shown
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Fig. 2. The electrode arrangement for the artificial signal.

 

 

 

 

Fig. 4. Four examples of the observations.
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(a) Value for each channel

 

 

 

 

 

 
 

(a) NL = 100

(b) NL = 5

Fig. 5. Principal components by the standard PCA.

 

 

IV. E XPERIMENT WITH BCI DATASET

 

We evaluated the proposed method in a two-class classification problem in which EEG signals are classified into
motor imagery tasks. We applied the proposed constraint in
the CSP method that designs the spatial filters. We compared
the classification performance of the CSP method with the
proposed constraint to the standard CSP and the spatially
regularized CSP (SRCSP) [9].

 

(b) Topographical plot
Fig. 3. The feature component.

A. Data Description
in Fig. 2 is calculated by the way described in Sec. II-A
with κ = 0.5 and q = 0.1. The examples of the graph are
shown in Fig. 6 and the examples of the basis functions of
GFT are shown in Figs. 7 and 8. The principal components
of the proposed method are shown in Figs. 9 and 10. In
those figures, the principal components wp is the principal
components found in the space of {x ∈ RM |x = v0 u0 +· · ·+
vp−1 up−1 , v0 ∈ R, . . . , vp−1 ∈ R}. It should be noted that the
principal component found in the 338 dimensional subspace is
the same as that by the standard PCA. It is observed in Fig. 10
that the proposed method can find the principal components
which are similar to the true feature component even with the
small amount of the samples.

We used dataset IVa from BCI Competition III (for details
of the dataset, see http://www.bbci.de/competition/iii/). This
dataset consists of EEG signals during right hand and right
foot motor-imageries. The EEG signals were recorded from
five subjects labeled aa, al, av, aw, and ay. The electrodes were
installed with the electrode arrangement called the extended
International 10-20 method [23] (see Fig. 11). The measured
signal was bandpass filtered with the passband of 0.05–200 Hz,
and then digitized at 1000 Hz.
Moreover, the lowpass filter whose cutoff frequency is
50 Hz was applied to recorded signals and the filtered signals
was donwsampled to 100 Hz. Furthermore, the signals were
bandpass filtered with the passband of 7–30 Hz that is a band

(a) FCCz

(b) O2h
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(b) u325
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(m) u336

(n) u337

(o) u338

Fig. 6. Edges at each electrode for the graph. The width of the edges represents
the weights for each edge.

(a) u0

(d) u3

(b) u1

(e) u4

(c) u2

(f) u5

Fig. 8. The basis function of GFT (u322 , . . . , u338 ).
(g) u6

(h) u7

(i) u8

a feature values with the spatial filter w in such a way that
σ 2 (X, w) =
(j) u9

(m) u12

(k) u10

(n) u13

(l) u11

(o) u14

Fig. 7. The basis function of GFT (u0 , . . . , u14 ).

including mu and beta rhythms. The dataset for each subject
consisted of signals of 140 trials per a class. The signal length
for each trial is 3.5 seconds.
B. Feature Extraction and Classification
We classified the observed signals into two classes corresponding to the motor-imagery tasks by feature extraction with
the spatial filters designed by the CSP method [6], [24] and
classification with an LDA classifier [8].
In the classification, the CSP method finds the spatial filters
as follows. Let X ∈ RM ×N be an observed signal, where M
is the number of channels and N is the number of samples
and let xn be the nth column of X. The CSP method extracts

N
1 ∑ >
|w (xn − µ)|2 ,
N n=1

(16)

where ∑
µ is the time average of X given by µ =
N
(1/N ) n=1 xn . We assume that sets of the observed signals,
C1 and C2 , where Cd contains the signals belonging to class d,
d ∈ {1, 2} is a class label, C1 ∩C2 = ∅, and ∅ is a set having no
elements. CSP is defined the weight vector that maximizes the
intra-class variance in Cc under the normalization of samples,
where c is a class label. More specifically, for c fixed, the
weight vector is found by solving the following optimization
problem [5], [6];
[
]
N
1 ∑ >
2
max EX∈Cc
|w (xn − µ)| ,
w
N n=1
[
]
(17)
N
∑
1 ∑ >
EX∈Cd
|w (xn − µ)|2 = 1,
subject to
N n=1
d=1,2

where EX∈Cd [·] denotes the expectation over Cd and | · | is
the absolute value of a scalar. The solution of (17) is given
by the generalized eigenvector corresponding to the largest
generalized eigenvalue of the generalized eigenvalue problem
described as
Σc w = λ(Σ1 + Σ2 )w,
(18)
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Fig. 9. Principal components by PCA with the proposed constraint (NL =
100).

Fig. 10. Principal components by PCA with the proposed constraint (NL =
5).

where Σd , d = 1, 2, are defined as
[
]
N
1 ∑
>
Σd = EX∈Cd
(xn − µ)(xn − µ) .
N n=1

and B = Σ1 + Σ2 . Therefore, we can incorporate the graph
based smoothing method into the CSP method.
The feature vector was extracted by the following way. In
each case of c = 1 and c = 2, we solve (17) or (20). We got
the eigenvectors corresponding to the largest eigenvalues in
each eigenvalue problem defined as w1 and w2 , respectively.
By using the weight vectors, the feature vector was defined as
y = [σ 2 (X, w1 ), σ 2 (X, w2 )]> .
The feature vector was projected onto the 1-dimensional
space by the LDA projector designed with learning data. The
projected feature is classified by the threshold which is defined

(19)

The solution of the problem (17) is equal to the solution of
the problem:
max
w

w> Σc w
.
w> (Σ1 + Σ2 )w

(20)

This formulation with the constraint that w is optimized in
the subspace is the same as the problem (8) where A = Σc
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Fig. 11. The electrode arrangement of BCI Competition III dataset IVa.
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as the middle point of two class averages over the projected
learning data.
C. Results
The classification accuracy rates were given by training
the spatial filters and the classifier with randomly chosen
100 samples, and testing with the remaining samples. The
accuracy rates averaged over 100 times of this procedure
are shown in Table I. The parameters in (2) were set to
κ = 0.5 and q = 0.1 for SRCSP [9] and the proposed
method. Moreover, the regularization parameter for SRCSP
was chosen by the nested 5×5 cross validation (CV) out of
{0, 10−7 , 10−6.8 , . . . , 10−0.2 , 100 }. The dimension P of the
subspace for the proposed method was chosen by the nested
5×5 CV out of {1, 2, . . . , 117, 118}.
Table II also shows the classification accuracy rates in the
case where the number of the training samples is considerably
reduced to only five samples. We can observe a significant
improvement of the accuracy rates for subjects al and ay by
the proposed constraint. The results suggest that the proposed
method can improve the accuracy even if the number of
training samples available is small.
Examples of the topographically plotted spatial filters for
subject al are shown in Figs. 12 and 13. In Fig. 12 (NL =
100), the regularization parameters for SRCSP and P for the
proposed method are set to 10−3 and 67, respectively. In
Fig. 13 (NL = 5) the regularization parameters for SRCSP
and P for the proposed method are set to 10−3 and 59,
respectively. Those parameters are chosen as the parameters
performing the best classification accuracy rate in the 5×5 CV.
In the case that the enough number of the learning samples is
available (Fig. 12), the spatial filters among the CSP, SRCSP,

(c) Proposed
Fig. 12. Spatial filters (NL = 100).

and the proposed method have a common feature of the
large coefficients concentrating around the left motor cortex.
However, if the number of the available learning samples is
small, the spatial filter designed only by the proposed method
has such a feature.
V. C ONCLUSIONS
We have proposed the method to provide the smoothness
for the problem of designing the spatial filter for multichannel
EEG signals. Our experiments suggest that compared with the
existing methods that give the smoothness by the regularizations, the proposed method provides more robust spatial filter
because of the less number of the candidates of the parameter
to be tuned.
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