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Abstract—Some damping methods are introduced to the Bayes
optimal approximate message passing for compressed sensing. We
show that these damping methods make the algorithm converge
against a typical problem that algorithms without damping fail
to converge by numerical experiments.

I. INTRODUCTION

Let us consider a problem that an N-dimensional vector
x € RY is estimated from an M-dimensional (M < N) vector
y € RM:

y = Ax + w, (1)

through a known M x N matrix A € RM*N Here, w € RM
denotes a noise vector w ~ N(0,02 1) and N'(u, X) denotes
the multi-dimensional Normal distribution with a mean vector
w and a covariance matrix 3. When the ratio 6 = M/N(< 1),
which is called the compression rate, this system of equations
are undetermined. The original vector  may be able to be
recovered if we have some knowledge of the original vector
such as the sparsity. This problem [6], [18], [10] is termed the
reconstruction problem of compressed sensing [11], [3], [4],
[5].

The linear programming (LP) methods are widely applied
and investigated [11], [3], [4], [5]. As one of promising
methods to solve such undetermined systems, the approximate
message passing (AMP) proposed by Donoho et al. is widely
discussed so far [12]. The another message-passing-based
algorithm is the generalized AMP (GAMP) developed by
Rangan, which estimates an i.i.d. random vector observed
through a noisy linear measurement channel [16].

The performance and convergence of AMP are guaranteed
by a solid theory for measurement matrices having i.i.d entries
of zero mean [12], [16], [1]. Unfortunately, one has observed
that AMP often fail to converge for more general matrices.
To treat a given general non-Gaussian sensing matrix, it is
important to improve the convergence. Rangan et al. discussed
the convergence of AMP by introducing the damped GAMP
that a Damping factor is introduced [17]. They provided
sufficient conditions for the convergence of a damped GAMP.
Another approach for the convergence issue is the mean
removal [2].

In this paper, we focus on some methods to introduce damp-
ing to Bayes optimal approximate message passing (BoAMP),
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that is a special case of the spatially coupled AMP [13], i.e.,
not a coupled system but a single system. Note that BoAMP
can be also regarded as a special case of GAMP. We consider
two kinds of damping, namely an ordinary damping, that is
used in the damped GAMP, and MSE damping introduced
here.

This paper is organized as follows. The next section in-
troduces some reconstruction algorithms including BoAMP.
In Section III, we define damping. Section IV explains its
experiments. The final section is devoted to a summary.

II. PRELIMINALIES

We assume the following to simplify the problem. Each
element of the original vector x = (x;) € RY, is an i.id.
random variable which obeys the distribution px ()

A. AMP

Donoho et. al. have developed the following iterative algo-
rithm achieving the performance of LP-based reconstruction.
AMP iteratively calculates an estimate

& = argmin |z, s.t. y = Az (2
T

by applying ¢, minimization.
Definition 1 (AMP[12]): Starting from an initial guess
2 =0 and 2(© = gy, AMP iteratively proceeds by

2D

L0 —

ﬂt(ATZ(t) + w(t)), (3)
y — Az

1
+52 T (AT 4 207)) @)
x® € RN is an estimate of the original vector x at stage t.

Here, {n;} is an appropriate sequence of denoiser functions
(applied componentwise):

ne(m) = {m — vy sgn (m)H(jm| > vt) (5)

and v; is an (empirical) mean squared error, e.g., v;
|2®]3/M. AT denotes the transpose of A and 7} (u)
One(u)/Ou. For a vector v = (vy,---,un), (V)
NI e

Here, I(A) denotes an indicator function that takes 1 if A is
true and O otherwise.

O e
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B. Bayes Optimal AMP

For a given prior distribution px, an optimal estimator
which minimizes the mean square error (MSE)

:i::/ xp(z|A, y)dx (6)
RN

by applying the Bayesian inference, p(x|A4,y) = p(y|A, x)
px(x) denotes a posterior distribution and p(y|A,x) is a
likelihood that represents a noise distribution. This estimator is
called as the minimum mean square error (MMSE) estimator.
Applying the message passing algorithm, the following is
obtained.

Definition 2 (Bayes optimal AMP[13]): Starting from an
initial guess =(® = 0 and z(© = y, BoAMP iteratively
proceeds by

e+

2®

(AT 20 + 20, 7
y — Ax®

F20 (AT 420 @)

x® € RY is an estimate. Here, the denoiser function 7, is
m(m) =Ex 2{X|X +v,*Z =m}, Z~N(0,1) )

and vy is again an (empirical) mean squared error, e.g., v; =
12]3/M. 0

Note that (7) and (8) are identical to (3) and (4), respectively.
The difference between AMP and BoAMP is the definition of
denoiser function 7;. The denoiser function depends on the
prior py. For example, n;(m) = em(1 +v;')~! v(m;1 +
vy )/ {ey(m; 1 4 v t) +(1 — €)y(m;v; )} for the Gauss-
Bernoulli type prior px = (1 — €)§(0) + eN(0,1), where
v(m; s) = (2ms) /2 exp[—m?/(2s)] and §(m) denotes the
Dirac’s delta.

III. DAMPED BOAMP

First, we explain the concept of damping. For the following
iterative equation with a variable

2D — f(x(t)), (10)
the damping is introduced as
2 = (1 - 0)2® +0f (D). (11)

We here call this the simple damping. Since damping is
empirically introduced, there are several methods to introduce
damping other than this. The stationary equation of (10) can
be given by substituting z into z(*), which gives = = f(x).
That of (11) is also equal to x = f(z).

Here we restrict ourselves to two kinds of damping. The
first one is the simple damping as follows.

Definition 3 (S-DBoAMP): Let ¢ € (0,1] be a damping
constant. The iterative equations of BOAMP is modified to

(1= +on(AT2 +20), (12
y — Az

* 9%‘2(“”@;_1@%(“) +2(71)).(13)

2D

2®)
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Fig. 1. Expamle of dynamics of BOAMP without damping. v = 2.5. (a) s(t).
(b) MSE.

Other settings are same to BOAMP. We here call this algorithm
the simple damping Bayes optimal AMP (S-DBoAMP). [

This algorithm has a close relationship to the damped
GAMP [17]. When 6 = 1, the simple damping BoAMP
reduces to BOAMP without damping. The other methods is
to damp a estimate value before denoising as follows.

Definition 4 (MSE-DBoAMP): Let ¢Y) € (0, 1] be a damp-
ing function, which is monotonically increasing. The iterative
equations of BOAMP is modified to

20 = (cWAT20 4 @) (14)
2 = y— Az®
1
+c(t)gz(t—l)<n£_l(c(t)ATz(t—1) + 2(t=DY),
15)

Here, the denoiser function 7, (9) is defined by using a damped
(empirical) MSE v; = ¢)||2(!)||2 /M. Other settings are same
to BOAMP. This algorithm is referred to as the MSE damping
Bayes optimal AMP (MSE-DBoAMP). U
If ¢() is small, this algorithm has a similar effect of the simple
damped BoAMP. To accelerate convergence, an increasing
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Fig. 2. Examples of dynamics of S-DBoAMP. v € {1,2,3,4,5}. (a) s(t).
(b) MSE.

function is used as ¢(*). In both damping methods, the damping
constant or function must be properly chosen to converge
iterations.

IV. EXPERIMENTS

For non-zero mean sensing matrices, AMP like algorithms
fail to converge [2]. As a simple example for this situation, we,
therefore, consider matrices with entries generated as follows

o 1
N \/MN (0,1).
The mean and variance need to be scaled as O(1/N) to
have a O(1) output for a O(1) input. The dimension of the
observation M is supposed to have the same order.

To validate the results obtained above, we performed nu-
merical experiments in N = 2,000 systems. The dimension
of the observation y is M = 1,000. The prior distribution is
the Gauss-Bernoulli type prior px = (1 — ¢€)d(0) + eN(0,1)
with the sparsity ¢ = 0.1. The non-zero mean of the sensing
matrix is v = 200. In this problem setting, BOAMP without
damping fails to converge.

(16)

Q45 =
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Fig. 3. Examples of dynamics of MSE-DBoAMP. v € {1,2, 3,4, 5}. (a) s(t).
(b) MSE.

To evaluate the quality of estimates, we define the following
quantity s(t) = |supp(z) — supp(x™®)|/N, which is a
cardinality (ratio) of a difference set between support sets
of the original vector and estimate. Therefore, s(t) = 0
means perfect support estimation. Figure 2 shows examples of
dynamics of S-DBoAMP at vy € {1,2,3,4,5}. We set § = 0.3,
which is a fixed value. Figure 3 shows examples of dynamics
of MSE-DBoAMP. We set c¢(*) = 0.4 x1.001*1(0.4 x 1.001* <
1) + [(0.4 x 1.001* > 1). It can be confirmed that both
algorithms successfully converge. It should be noted that since
MSE-DBoAMP gets closet to BOAMP without damping, one
might have to choose proper termination condition, e.g., the
empirical MSE is less than 10710,

V. SUMMARY

We introduced two kinds of damping to the Bayes optimal
approximate message passing algorithm. Both can converge
dynamics for nonzero mean sensing matrices. These can be
also applied to systems with non-Gaussian sensing matrices
and spatially coupled systems.

Since the damping factor or damping function must be
properly chosen, the sufficient condition should be derived an-
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alytically. It might be better to discuss whether the dynamical
property can improve or not, when several damping methods
are used. These problems are under way.
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