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Abstract—This paper proposes a new method of adaptive
group testing via Boolean compressed sensing. The proposed
scheme utilizes solution space reduction at each step using the
idea of classical sequential group testing and the pool size
for each test is controlled to maximize the expected number
of identifiable items by the test. Moreover, for the pool size
control, the cardinality of the remaining positive items is directly
estimated by using probabilistic zero estimator (PZE), which has
been originally proposed for RFID systems. The performance
gains of the proposed method against conventional non-adaptive
and adaptive group testing methods are demonstrated through
computer simulations.

I. INTRODUCTION

Group testing is a method for specifying a small subset of
defective (or positive) items in a large set of items efficiently.
Each test consists of selecting some items to construct a ‘pool’,
which is a mixture of the selected items, and testing to tell
whether at least one positive item is in the pool or not. After
some tests, the estimated positive items are obtained by some
algorithm using the test results. It is known that, with properly
designed pools and algorithm, a smaller number of tests than
that of all items is sufficient to detect all positive items. A
combinatorial group testing technique was first proposed by
Dorfman during WWII for finding out infections from a large
number of soldiers by a small number of blood tests [1].
Since then, group testing has been applied to many areas
such as blood screening, DNA sequencing [2], and network
security [3]. In general, group testing can be classified into
non-adaptive and adaptive. The non-adaptive group testing
prepares all the pools a priori. Thus, it can complete the test
within one round if the tests can be conducted in parallel. On
the other hand, the adaptive group testing constructs the pool
of each test by using the results of previous tests. Therefore,
each test has to be performed one by one, but it requires fewer
tests than non-adaptive group testing in general.

In recent years, group testing has attracted interest from
the active research area of compressed sensing [4], where the
goal is to infer a sparse high-dimensional vector from a small
set of linear measurements. Using the idea of compressed
sensing, Malioutov and Malyutov have proposed Boolean
compressed sensing, which solves non-adaptive group testing
through linear programming relaxation [5]. Moreover, Boolean
compressed sensing has been applied to adaptive group testing
[6]. In [6], the basic idea of the pool construction for each
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step is to select the pool size so as to maximize the amount of
information obtained in the next test. In order to evaluate the
amount of information, the number of remaining positive items
is estimated from the tentative reconstruction result obtained
by Boolean compressed sensing using the available test results
at the moment. Since the estimated number might be unreliable
especially for the beginning of the testing, the impact of
the estimation error is also taken into consideration in [6],
however, this causes another new problem of the estimation
of the error probability, which can be challenging in general.

In this paper, we propose a new method of adaptive group
testing based on Boolean compressed sensing. The proposed
method introduces solution space reduction at each test using
the idea of classical sequential group testing, where all the
items in the pools for which test results are negative (negative
pools) can be identified as negative and the item in the positive
pools with size one as positive, while those in positive pools
with size more than one require further tests. With the solution
space reduction, the reconstruction performance by Boolean
compressed sensing can be improved because some elements
of the unknown sparse vector are determined exactly and the
size of the sparse vector is reduced. Moreover, we propose a
novel pool size control scheme, where the pool size is selected
so as to maximize the expected number of reducible items
with the proposed solution space reduction in the next test.
Furthermore, for the evaluation of the expected number of
reducible items, the cardinality of remaining positive items
is directly estimated by using probabilistic zero estimator
(PZE), which has been originally proposed for radio frequency
identifier (RFID) systems [7], instead of using the number
of nonzero elements in the tentative reconstruction results
as in [6]. We evaluate the performance of the proposed
method and conventional non-adaptive and adaptive group
testing method through computer simulations, and compare
their performances by the rate of exact recovery at each
test iteration. The results indicate that the proposed solution
space reduction and novel pool size control scheme contribute
to reducing the required number of tests to achieve reliable
reconstruction.

II. PROBLEM FORMULATION

Suppose N to be the number of all items, with only K
of which are positive. We define a Boolean vector x =
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[w129 - 2n]T € {0,1}V, where x, = 1 or 0 indicates that
the n-th item is positive or negative, respectively. In each test,
some items are chosen from the set of items and are mixed to
obtain a so-called ‘pool’. The pool for the s-th test is defined
by a Boolean row vector as = [as1as2 - asn]| € {0,1}7,
where a,,, = 1 or 0 indicates that the n-th item belongs to
the pool for the s-th test or not, respectively, and a S x N
Boolean matrix Ag = [a{al ---al]" defines the pools for
S tests. The test result of the s-th test is a single Boolean value
ys € {0,1}, where y, = 1 indicates that at least one positive
item is included in the pool for the s-th test while ys = 0
indicates that no positive item is in it. Thus a test result y;
is obtained by taking the Boolean sum of {x,|as, = 1},
which is the set of x,, belonging to the pool for the s-th test.
Accordingly, the observation model is represented by

N
Ys = \/ (as,n A .73"), (1)

n=1
where \/7]:]:1 zn denotes the Boolean sum of z1,29,...,2N,

and A the Boolean AND operation. For convenience, we define
ys = [y1,Y2,---,ys]" as the vector of test results obtained
by S tests, which is given by

ys =As VX, (2)

where Ag V x indicates taking Boolean product of corre-
sponding elements of each row of Ag and x, and then taking
Boolean sum of them. The goal of group testing is to estimate
the unknown sparse Boolean vector x from the Boolean matrix
A and the test results vector yg.

For the case of adaptive group testing, the pool for the
next test is determined based on all the results of previous
tests. Specifically, the row vector as;i, which defines the
pool for the (S + 1)-th test, is determined by using the
observed signals y, (s = 1,2,...,5) and pooling vectors
as; (s =1,2,...,95). In the rest of the paper, Xg indicates
the estimate of x reconstructed from S test results.

IIT. CONVENTIONAL GROUP TESTING METHOD

A. Sequential group testing

Sequential group testing is one of classical adaptive group
testing methods, and is based on the idea that all the items
in negative pools are identified as negative, while those in
positive pools require further test. For instance, assume that
we separate all the items into two groups to obtain two pools
and test them. If the test results is negative, all the items in
the corresponding pool can be identified as negative. If the
test result is positive, we divide the items in the corresponding
pool into two disjoint sets to have smaller pools and conduct
further tests on them. After repeating these operations, an item
in a positive pool with size one is identified as positive. The
worst-case number of tests required for N items having K

positive items is known to be [log, <I]\£>1 ~ Klogy(N/K),

which gives the well-known information theory bound [3].
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B. Non-Adaptive group testing via Boolean compressed sens-
ing

Malioutov and Malyutov proposed Boolean compressed
sensing, where the non-adaptive group testing is modified into
a linear programming problem through relaxing the elements
of the vector x into real numbers [5]. The problem of
Boolean compressed sensing for non-adaptive group testing
is formulated as

Xg = arg min E Ty
X
n

(P)

such that: 0 <x <1, Ay W)

x>1, AMx=0, 3

where Agj) and AgN) are the matrices constructed by the
rows of Ag corresponding to positive and negative tests,
respectively. It is known that an upper bound on the number
of tests required to recover x with small error probability is
O(K log(N)).

C. Adaptive group testing via Boolean compressed sensing

Boolean compressed sensing described above has been
applied for the problem of adaptive group testing in [6], where
an information-based pool size control scheme is proposed. In
the method, the expected information obtained in the (S+1)-th
test is introduced as

Ist1(G) = gnIn + (1 — gn)Ip, 4)
and the pool size G is set to maximize this value. Here, gy is
the probability that the result of the (S + 1)-th test is negative,

Iy is the information obtained from the negative test, and Ip
is the information from the positive test. Specifically, they are

represented as
N-K
G

N = TN ®)
(c)

In = G{-rlogr—(1—r)log(l—r)}, (6)

Ip —(1 —r)Glog(l —r)G

—{1—(1=r)og{l — (1 -7}, (D

where r = K/N is assumed to be the probability that each
item is positive.

In order to evaluate (4), the number of positive items K
has to be estimated, since it is unknown in general. In [6],
K is estimated by using the tentative reconstruction result of
X, namely, K = ||Xs||o. However, X5 may include some
estimation errors, especially when the result is based on a
small number of tests. Therefore, the objective function (4)
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was revised to cope with such estimation errors as
Isn(G) = Is11(G)
{K'|K'=][[xs|lo—a+b}

y ( Hﬁsﬂo )ea(l _ ¢)lI%sllo—a

« ( N — |b|§(SHO ) Gb(l _ E)N—||*S“o—1>,
3

where € is the estimation error probability of each element
of Xg, a and b are the number of false positives and false
negatives. Using G, which maximizes I5(G), each element
of agy; is generated independently as a realization of a
Bernoulli random variable with probability p = G/N. How-
ever, the revised objective function requires the information
of the estimation error probability e, which would be difficult
to obtain. Moreover, probabilities of false positive and false
negative are supposed to be the same, but this will not be true
in general.

IV. PROPOSED METHOD

The proposed method has three key advantages. We explain
each of them in the following sections.

A. Solution space reduction

If test results are not deteriorated by noise, by using the
idea of classical sequential group testing, we can identify all
the items in the negative pools as negative and the item in the
positive pools with size one as positive. Using these properties,
the elements of the unknown vector which correspond to
the identified items can be determined, and the size of the
unknown vector composed by “candidate items”, namely,
items to be further tested, can be reduced. The improvement
of the performance of reconstruction by Boolean compressed
sensing could be expected with this manipulation, because the
required number of tests to achieve reliable reconstruction
is monotonically increasing for N from the upper bound,
O(K log(N)).

B. Pool size control

For efficient reconstruction of the unknown vector, the
pool size of the next test has to be appropriately selected
based on the information of the previous test results. In the
proposed scheme, making much account of effective solution
space reduction, we employ the expected number of reducible
items with the solution space reduction in the next test as the
criterion for the pool size control. Thus, we select G in order
to maximize the expected number of reducible items, which
can be calculated as

Js41(G) = (G, )

978-988-14768-0-702015 APSIPA

725

16-19 December 2015

where ¢y, is the probability that the (S + 1)-th test is negative,

which is given by
Nsi1— K
G

!
w=—F—o<--
N Nsi1

G

Note that Ngy; is the number of candidate items for the
(S + 1)-th test. The pool size G for the (S + 1)-th test is
determined to maximize Jg11(G), and each element of the
row vector agiq defining the pool for the (S + 1)-th test
is generated by selecting G elements randomly out of Ng,;
candidate elements by setting 1 for them, and O for the other
elements.

(10)

C. Cardinality estimation

Since the proposed pool size control algorithm requires the
number of positive items K, which is unknown in general,
we run an algorithm to directly estimate K from the test
results at each step in parallel with the adaptive group testing.
Specifically, we apply the probabilistic zero estimator (PZE),
which has been originally proposed for RFID systems [7],
instead of using the number of nonzero elements in the
tentative reconstruction results as in [6].

The probability pg that each item is included in the pool for
the S-th test is represented by ps = G/Ng, where G is the
number of items in the pool. If the number of positive items
is K, the probability ggs that the pool is negative equals to the
probability that all the K positive items are not in the pool,
represented as

gs = (1 —ps)". (11
Therefore, the estimated value of K, K , is calculated by
. 1
_ @ (12)
log(1 - ps)
where @) is the rate that the test results are negative. When
we estimate K using m test results, Q = ||y||o/m, where ¥

is the vector whose elements are the m Boolean values of the
tests. ps = min(1,1.59/K) is known as the optimum value
of pg for PZE. However, we cannot use this value, because
the pool size control for the group testing is prioritized over
the estimation of K, i. e., pg is determined based on G that
maximizes (9). In the proposed method, K is estimated by
(12) every m tests, and the estimated value of K to be used
for pool size control is calculated by taking an average of with
all previously estimated values.

The process of the proposed method is shown in Figure 1.
Given the initial value Ny = N and p; = min(1,1.59/K,),
where K is initially set to a random value!, a trial of the
proposed group testing is started. First, we construct a pooling
vector ag and get a test result yg, then Ngy; is updated at

I Ko has been set to 5 in our simulations for all true values K = 2,6, 10.
In all cases, the proposed method can outperform conventional methods and
hence is not sensitive to the setting of Kjo.
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staRT ) =N
py=min (1,1.59/K,)

S+ 1

S+ S+1

No Smod m==1

G =psNg
Construction of
pooling vector ag

Cardinality estimation

Test result y !
Pool size control
i (calculation of G and pg = G/Ny)

Solution space reduction
(update of N, ,)

Reconstruction of x

(Boolean compressed sensing)

S——=N| Ngyy =0

Fig. 1. Flowchart of the proposed method

the solution space reduction step and the unknown vector x is
estimated using Boolean compressed sensing. Every m tests,
K is re-estimated at the cardinality estimation step, and the
pool size G is calculated at the pool size control step. After
repeating these operations, if all NV tests have been conducted
or no candidate items remain, the algorithm is finished.

V. NUMERICAL EXPERIMENTS

The performance of the proposed adaptive group testing
scheme has been evaluated through computer simulations. We
compare the performance of the proposed method and of
conventional methods in terms of the rate of exact recovery
versus the number of tests. Specifically, suppose that the total
number of items is N = 150, the exact recovery rate is
defined as the rate that the unknown vector x is recovered
correctly averaged over 500 trials at each number of tests
S =1,2,...,150. N items are randomly generated for each
trial so that K of them are positive. To evaluate the impact
on the performance of the number of positive items K, we
have conducted simulations for three cases: KX = 2, 6 and 10.
The simulation results for each case are shown in Figures 2,
3 and 4, respectively. In the proposed method (Proposed), we
estimate K every m = 10 tests using PZE, and update the pool
size G by maximizing (9). Proposed-oracle is the result of the
proposed method assuming the perfect knowledge of K, that
is, there is no need to estimate K and it updates the pool size G
by maximizing (9) at each test. Non-adapt stands for the non-
adaptive group testing via Boolean compressed sensing, where
the measurement matrix Ag is an ii.d. Bernoulli random
matrix with probability p, of having 1 in each entry a; ;.
The probability p, with the best performance is selected for
each K, namely p, = 0.29, 0.14 and 0.09 for K = 2, 6,
and 10, respectively. Adapt means the adaptive group testing
shown in III-C selecting the pool size G by maximizing (8).
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exact recovery rate
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Fig. 2. The rate of the exact recovery versus the number of tests
(N =150,K = 2)

The probability of the estimation error e were obtained via
simulations, and we use ¢ = 0.001, 0.03 and 0.04 for K = 2,
6, and 10, respectively. Note that Proposed-oracle and Non-
adapt are assumed to have the perfect information of K while
Proposed and Adapt do not. From the figures, we can see that
the proposed method outperforms the conventional methods in
all cases. Especially, the performance gain against the conven-
tional methods is greater for larger number of positive items,
while the performance gap with the case of Proposed-oracle
is also larger. This indicates that more accurate estimation of
the cardinality of remaining positive items could improve the
performance of the proposed method especially for larger K.

We have finally evaluated the number of tests required to
achieve 99% exact reconstruction of x versus the number of
tests used in each cardinality estimation, namely m, in Figure
5. In case of K = 2, the results are almost the same for all
m, while for larger K such as K = 6 and K = 10, the case
with m = 10 has shown the best performance.

VI. CONCLUSION

We have proposed a novel method of adaptive group testing
via Boolean compressed sensing, which adopts solution space
reduction at each test from the idea of classical sequential
group testing. In the proposed method, the pool size is
controlled to maximize the expected number of reducible
items with the proposed solution space reduction in the next
test. Moreover, for the evaluation of the expected number of
reducible items, the cardinality of remaining positive items is
directly estimated by using PZE, which has been originally
proposed for RFID systems. We evaluate the performance
of the proposed method and conventional non-adaptive and
adaptive group testing methods through computer simulations
and the validity of the proposed method is confirmed.
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Fig. 3. The rate of the exact recovery versus the number of tests
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Fig. 4. The rate of the exact recovery versus the number of tests
(N =150, K = 10)
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