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Abstract—Recently, a nonlinear acoustic echo 
cancellation algorithm based on the framework of kernel 
methods has been proposed by modeling the echo path as 
a Hammerstein system. However, it requires a large 
amount of computation to be implemented.  In this paper, 
we propose to use iterative methods for solving linear 
systems in order to reduce the numerical complexity of 
identifying the nonlinear and linear parts of the echo path. 
Also we investigate the effect on performance of the 
parameters of the methods for both iterative batch and 
online versions. Simulation results confirm the complexity 
reduction and good performance of the proposed methods 
for clipping nonlinearity and room impulse response 
variation. 

I. INTRODUCTION 

The acoustic echo cancelling (AEC) systems are very useful 
in removing the acoustic echoes and allowing 
teleconferencing and videoconferencing [1]. The echo path 
depends on different factors such as position of the 
microphone, loudspeaker, objects in the room and 
temperature [1]. AECs include an adaptive filter in order to 
adaptively cancel the echo. In the absence of nonlinear 
distortions the adaptive filters using the affine projection 
algorithms can provide a good solution (e.g. [2]-[5]). 
However, in many cases low-cost loudspeakers are used and 
they cause nonlinear distortions. In the presence of nonlinear 
distortions the linear AECs are not sufficient to remove the 
nonlinear distortions [1], [6]–[8]. It is known that the most 
important nonlinear distortions are caused by the action of the 
loudspeaker and the power amplifier. 

Many techniques have been proposed in the literature on 
nonlinear acoustic echo cancelation (NAEC). One of the most 
mentioned approaches is based on computationally expensive 
adaptive Volterra filters (VF) [8] or simplified VF [9]. Other 
proposed structures include even mirror Fourier nonlinear 
filters [10], block-based Wiener-Hammerstein models [11], 
functional link adaptive filters [12], etc. Other alternatives 
were mentioned in [13].  

The kernel methods [14]-[15] have been proposed recently 
for NAEC. They still have a high computational complexity, 
although it is possible to limit the filter grow for online kernel 
methods [15]. In [13] the modeling of the echo path as a 
Hammerstein system and kernel-based identification 

algorithm for this model were proposed. It was shown that the 
input-output relationship was learnt with fewer data and less 
computational resources [13]. The method from [13] involves 
many inversions of very large matrices, therefore the 
numerical complexity is high. We propose to use iterative 
methods in order to reduce the computational load associated 
with matrices inversions. This idea is inspired from the 
resemblance between the efficient implementation of the 
kernel affine projection algorithm of [16]. The matrix 
inversions are replaced by linear system solving iterative 
methods. The use of Gauss-Seidel (GS) [17] and Conjugate 
Gradient (CG) [17] methods is proposed and the 
complexity/performance compromise is investigated. 

Therefore the complexity is reduced from ( )3O N  to ( )2O N  

were N is the size of the matrix [18]. A novel idea of 
switching from GS to CG is also proposed.  

The paper is organized as follows: Section II includes a 
short presentation of the Hammerstein system identification 
algorithm based on kernel methods from [13]. In section III 
the proposed methods are presented while in section IV the 
simulation results for a nonlinear acoustic echo cancellation 
scenario are shown. Section V presents the conclusions of this 
work and future work. 
 

II. THE PROPOSED ITERATIVE METHODS 

Kernel methods are based on a nonlinear transformation of 
the input data x, into a high-dimensional feature space. The 
inner products in this space can be calculated by using a 
positive definite kernel function satisfying Mercer’s 
condition, so called the “kernel trick” 

( ) ( ) ( ), ' , 'k x x x x= Φ Φ [19]. A commonly used kernel 
function is the Gaussian kernel 

( ) ( )2 2, ' exp ' / 2k x x x x σ= − − , where σ is the kernel 

width. In [13] a subset of the training data called support 
points, s

mx , were used to represent the projection 

( )
1

M
s

m m
m

xα
=

= Φ∑w .  

The output of the estimated nonlinear function for a test 
input x′ is the following [13] 
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The α coefficients are given by [13] 

 ( ) 1T T
sc

−
= +α K K K K d                   (2) 

where K is the kernel matrix with elements 

( )( ), s
nm mk x n x=K , [ ]1 2, ,..., T

Mα α α=α  and sK  is the 

M M×  kernel matrix calculated for support points [19]. 

In the following lines we have [ ](1),..., ( ) Td d N=d , 

[ ](1),..., ( ) Th h L=h  and the operator * refers to the 

convolution of h on the columns of K, ˆ
h = ∗K h K  [13]. 

 

A. Batch identification algorithm 
The observed echo path is modeled as a Hammerstein 

system, i.e., a cascade of nonlinearity and a linear filter [13]. 
The output of the microphone is given by  

 ( ) ( ) ( )( ) ( )od n h n c x n e n= ∗ +                  (3) 

where ( )oe n  is the background noise, ( )h n is the linear 
impulse response, including the room impulse response (RIR) 
of the echo path ( )RIRh n  and other linear parts, and c(·) 
represents the nonlinear distortion. 

The cost function that is minimized is [13] 

  2* .T T
s hJ c cα= − + +d h Kα α K α h h                          (4) 

 
For this case, the optimum solution for the non-linear filter 
coefficients α̂ is given by [13] 

 ( ) 1
ˆ .T T

sh h hcα
−

= +α K K K K d                   (5) 

On the other hand, also shown in [13], that the solution for the 
linear filter coefficients ĥ  is 

 ( ) 1ˆ T T
hcα α α

−
= +h K K I K d                   (6) 

where αK contains the elements of ˆα =k Kα as follows [13] 

 

( )
( ) ( )

( ) ( ) ( )

( )
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2      1        ...             0
               7

                                            
  1   ... 1
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⎡ ⎤
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥− − +⎣ ⎦

K           

The kernel-based identification of Hammerstein systems 
(KIHAM) algorithm for the batch identification alternates 
between updating estimates of the linear filter coefficients h 
and the nonlinear coefficients α  [13]. The initialization is 
made by setting the coefficients h to  

 ( ) 1ˆ T T
hc

−
= +h X X I X d                   (8) 

The KIHAM algorithm is shown in Table 1 [13]:  
 

Table 1. The KIHAM Algorithm 
Initialize  h using Eq. 8
While J not  converged do
      Update hK  and α̂ using Eq. 5 

      Update αK  and ĥ  using Eq. 7 and Eq. 6 
end while 
Output: α̂ and ĥ  

 
The number of updates of the KIHAM algorithm depends 

on the J error threshold. In applications, the end condition of 
the while loop is given as hJ T<  where hT  is a threshold 
value [13]. Also, the number of updates can be set to 
maximum number depending on afforded computations in the 
while-loop. 

  

B. Online strategy 
An extension of the batch algorithm for application in 

online and adaptive scenarios was also proposed in [13]. It is 
considered that once the nonlinearity is estimated using the 
batch algorithm only the linear path is tracked. The online 
strategy is the following [13]: 
1. A linear filter is used to obtain the linear coefficients ( )ˆ nh . 

2. Simultaneously a buffer is filled with ( )x n  and ( )d n . 
3. The batch algorithm is used to obtain α̂  when the buffer is 
filled with bN  input and output data, and ( )ˆ nh is updated. 

4. The linear filter is updated using ( )( )f x n  and output 

( )d n . 

III. THE PROPOSED ALGORITHMS 

The KIHAM method involves the inversion of big matrices 
at each iteration ( ( )T

sh h cα+K K K  has a M M× size, where 

M is the size of the dictionary, while ( )T
hc+X X I has a L L×  

size, where L is the length of the filter). It is known that the 

inversion of a matrix requires ( )3O N  operations where N is 

the size of the matrix. Instead, in this paper, we consider using 
iterative algorithms in order to alleviate the known numerical 
instability of inverting large matrices [13].  

Let us rewrite Eqs (5) and (6) of the KIHAM method in 
another form. If we note by T

h h=P K d and 
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T
h sh h cα= +A K K K  in Eq (5), we have 1ˆ hh

−=α A P  or 
alternatively α̂  is the solution of the following 
system: ˆ hh =A α P . Also, in Eq (6), if we note by T

α α=P K d  

and T
hcα α α= +A K K I  we have 1ˆ

α α
−=h A P  or alternatively 

ĥ  is the solution of the following system: ˆ
α α=A h P . 

We propose to use iterative methods to solve the linear 
systems ˆ hh =A α P  and ˆ

α α=A h P  and investigate the 
advantages and disadvantages regarding the convergence 
speed and numerical complexity.  

The first iterative method is the Gauss-Seidel (GS) method. 
If we have to solve x =A b , where A is an N N×  symmetric 
matrix, the Gauss-Seidel method computes at k-th iteration 

( )
ii

ij ij

k
jij

k
jiji

k
i axaxabx /1)()(

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−= ∑ ∑

< >

− .                 (9) 

It is known that if the matrix A is symmetric and positive 
definite, the GS iteration is guaranteed to converge [17]. The 
GS algorithm has Ni N2 multiplications, where Ni is the 
number of GS iterations. 

The second method is the conjugate gradient (CG) 
algorithm [17] which is an example of exact line search 
method (In Table 2, we summarized the algorithm). The CG 
method has been used in adaptive filtering because of its fast 
convergence to the solution of normal equations. Its 
convergence is guaranteed to converge in no more than N 
steps. The number of multiplications of CG algorithm is Nc 
(N2+5N) multiplications where Nc shows the number of CG 
iterations [20]. Note that the numerical complexity of the CG 
algorithm is higher than that of the GS algorithm if they 
converge at the same number of iterations, i.e., Ni= Nc. 

 
Table 2. The conjugate gradient (CG) algorithm 

Step  
1 Initialization: ˆ , , ,0 Tρ= = = =x 0 r b r r d r  
2 for k=1, ... , Nc 
3 

     if k>1, 1
2

k
k

ρ
ρ

−= +
−

d r d  

4       v=Ad 
5      ( )/1 Tkγ ρ= − d v  

6      ˆ ˆ γ= +x x d  
7      γ= −r r v  
8      Tkρ = r r  

 
Like in [21] the solution for the previous iteration is 

used as an initial approximation of the solution for the actual 
iteration for both CG and GS methods. This is an essential 
step in assuring the use of a reduced number of iterations [21]. 
In this paper, we call the newly proposed algorithms as 
KIHAM-GS if using GS, and KIHAM-CG if using CG, 
respectively. In the following section we examine the 

influence of the number of iterations for both iterative 
methods. We also propose a novel idea to alternate the GS 
and CG methods in order to speed up the convergence 
towards the exact solution. For this case a new algorithm 
called KIHAM-GS-CG is proposed. For this algorithm the 
solution to each linear system of KIHAM is found as follows: 
firstly Ni  GS iterations are performed and then Nc CG 
iterations are made. The intermediate solution after GS 
iterations is used as an initial approximation for the CG 
method. Its numerical complexity depends on the individual 
number of iterations for each iterative method. The 
computational complexity of KIHAM-GS-CG is between that 
of KIHAM-GS and KIHAM-CG for the same total number of 
GS and CG iterations. It can be considered that KIHAM-GS-
CG reduces to KIHAM-GS if  Nc=0, and to KIHAM-CG if  
Ni=0. The GS and CG methods were used among the 
numerous iterative techniques due to their good convergence 
properties and low numerical complexity [17]-[18]. At each 
time iteration, if sufficient iterations are made, the iterative 
solution can lead in some cases to a lower error than the exact 
one, since the linear systems to be solved are different. 

IV. SIMULATION RESULTS AND CONSIDERATION 

 
      The performance of the proposed method is examined for 
a nonlinear echo cancellation scenario. It is considered that 
the main source of nonlinearity is due to the clipping of the 
power amplifier.  
      The signal ( )x n  is generated as USASI noise with a 
speech-like spectrum [22]. The room impulse response (RIR) 
that describes the acoustic propagation ( )RIRh n  used in [13] 
were used. They had L = 512 taps and the sampling frequency 
was 8 kHz. The background noise was a zero-mean white 
Gaussian noise, and the signal to noise ratio at microphone 
location was 30 dB. As the performance index, we use the 
echo return loss enhancement (ERLE), expressed in decibels 
and defined as 

 ( )
( ){ }
( ){ }

2

10 2
ERLE 10log

E d n
n

E e n
=     .                              (10) 

We evaluate the performance of the proposed algorithms 
considering an offline and an online scenarios. 

C. Offline scenario 

In this example N = 2048 data pairs were used. The 
KIHAM algorithms used a Gaussian kernel with a kernel 
width of 0.25, 0.01cα = , 1hc =  and M = 50 support points 
equally spaced over the range of the input data [13]. The 
stopping error was 610hT −=  and the maximum update 
number was 25. We considered the case of KIHAM-GS 
(Ni=3), KIHAM-CG (Nc=3) and KIHAM-GS-CG (one GS 
iteration and 2 CG iterations). As expected, the performance 
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of KIHAM using direct methods is better than those of the 
proposed iterative KIHAM versions due to the used low 
number of GS or CG iterations. Similar results are obtained 
when using N = 768. 

 

Fig. 1. MSE performance in case of an offline cancellation in case of 6 
iterations for KIHAM, KIHAM-GS (Ni=3), KIHAM-CG (Nc =3) and 

KIHAM-GS-CG (Ni=1, Nc =2) 
 

D. Online scenario 
The ERLE performance of the proposed algorithms is 

investigated for an online scenario for 10 seconds, at 8 kHz. 
The tracking abilities are tested by an abrupt change of the 
RIR after 5 seconds. The parameters of the algorithms are the 
same except N = 768. The normalized least mean square 
(NLMS) algorithm with a unity step size is used for the linear 
part.  

In the next figure, the influence of the number of 
iterations for KIHAM-CG is shown. It can be seen that 
KIHAM-CG with one iteration does not obtain good results in 
comparison with KIHAM.   

 
Fig. 2. Comparison of ERLE performance between KIHAM and KIHAM-CG 

for different number of CG iterations 

It is obvious that better results are obtained if a 
higher number of iterations is performed, three CG iterations 
already obtaining better ERLE performance than KIHAM. 
The tracking abilities is not affected by the use of the iterative 
methods in the proposed algorithms.  

In the next figure, the influence of the number of 
iterations for KIHAM-GS is shown using the same parameters 
as above. It can be seen that the increasing of the number of 
GS iterations does not have the same effect as the similar 
number of CG iterations.  

 
Fig. 3. Comparison of ERLE performance between KIHAM and KIHAM-GS 

for different number of GS iterations.  

However, the performance of KIHAM-GS with one GS 
iteration is closer to that of KIHAM if compared with 
KIHAM-CG with one CG iteration. At convergence the 
average ERLE performance of KIHAM-GS with three GS 
iterations is slightly higher than that of KIHAM. By 
comparing the ERLE performance from the last two figures, 
the idea of combining GS and CG iterations in order to reduce 
the computational complexity was also investigated. It can be 
seen from Figs. 2 and 3 that KIHAM-GS with one GS 
iteration obtains a better performance than KIHAM-CG with 
one CG iteration, but KIHAM-CG with three CG iterations 
has a higher ERLE performance than KIHAM-GS with a 
similar number of GS iterations. 

E. Performance of KIHAM-GS-CG 

Based on the consideration in the previous sub-section, 
we investigate the performance of the new algorithm 
KIHAM-GS-CG algorithm. In the following two figures, the 
ERLE performance difference of KIHAM and KIHAM-GS-
CG (1 GS and 2 CG iterations) is compared with the ERLE 
performance difference of KIHAM and KIHAM-CG with 
Nc=3 CG iterations for 25 and 15 updates respectively. The 
positive values over the red line indicates better performance 
of the iterative KIHAM based algorithms.  It can be seen from 
Figs. 4 and 5 that the reduction of complexity given by 
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replacing one CG iteration with one GS iteration leads to a 
slight reduction of the ERLE performance. Also, it can be 
noticed when the number of updates for the linear and 
nonlinear coefficients decreases the performance of the 
proposed iterative KIHAM based algorithms also decreases. 

 
Fig. 4. Comparison of ERLE performance difference after 25 updates 

between KIHAM, KIHAM-CG (Nc = 3) and KIHAM-GS-CG (Ni = 1 and 
Nc=2) respectively (50 support points) 

A similar behavior is observed when the number of support 
points ,  1..s

mx m M=  is reduced from 50 to 25 (see Fig. 6). 
Therefore, the performance of the proposed KIHAM based 
algorithms depends on the number of GS or CG iterations, N, 
and the number of support points. Our simulations have 
shown that the number of needed iterations for the proposed 
algorithms has to be increased if the N parameter increases.  

 
Fig. 5. Comparison of ERLE performance difference after 15 updates 

between KIHAM, KIHAM-CG (Nc = 3) and KIHAM-GS-CG (Ni = 1 and 
Nc=2) respectively (50 support points) 

If only the saving due to the use of the iterative methods is 
taken into account, the savings in terms of multiplications is 
around 84% for the proposed KIHAM based algorithms (the 
parameters were 512,  50,L M= =  Nc=3, 15 updates) and 

reduces to 74% if L = 128, while the other parameters are the 
same. The overall computational savings is smaller and 
depends on the algorithm parameters and efficiency of the 
practical implementation. 

 
Fig. 6. Comparison of ERLE performance difference after 25 updates 

between KIHAM, KIHAM-CG (Nc = 3) and KIHAM-GS-CG (Ni = 1 and 
Nc=2) respectively (25 support points) 

 
The performance of the proposed algorithms depends on 

the N parameter. If the value of N is increased to 2048 while 
keeping the same parameters from Fig. 6 the proposed 
algorithms are only having a close smaller performance (less 
than 0.5 dB difference) to the original KIHAM algorithm (see 
Fig. 7). Therefore, it can be concluded from Figs. 1-7 that the 
proposed iterative algorithms performance largely depends on 
the chosen parameters for each scenario. 

 
Fig. 7. Comparison of ERLE performance difference after 25 updates for 

N = 2048 between KIHAM, KIHAM-CG (Nc = 3) and KIHAM-GS-CG (Ni = 
1 and Nc=2) respectively (25 support points)   

 

V. CONCLUSIONS 

This paper has proposed new adaptive algorithms for 
nonlinear echo cancellation that use the Gauss-Seidel and 
conjugate gradient methods instead of the direct matrix 

Proceedings of APSIPA Annual Summit and Conference 2015 16-19 December 2015

978-988-14768-0-7©2015 APSIPA 738 APSIPA ASC 2015

lenovo
Typewritten Text

lenovo
Typewritten Text



solving methods. The model assumes the clipping as a main 
distortion of the audio power amplifier and behavior of the 
loudspeaker and the echo path as being a Hammerstein 
system. Experiments confirm a good compromise 
complexity/performance with the original implementations 
for both batch and online scenarios. Our future will be 
focused on evaluating the number of necessary iterations of 
the GS or CG schemes for various nonlinearities, number of 
support points and filter lengths. 
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