
�1

∗ † ∗
∗
†

Y
WH W W

H

�2 H
H �1

�1 vec(H) H

�1

H

�1

�1 �2

�1

�1

�1

W

Y

( 1) min
H∈H

J1(H)=‖Y − WH‖2
F+iC(H)︸ ︷︷ ︸+λ1

L∑
l=1

‖ĥl‖2︸ ︷︷ ︸
+ λ2

L∑
l=1

N−1∑
n=1

(hl,n+1 − hl,n)2 + λ3

L∑
l=1

N∑
n=1

|hl,n|︸ ︷︷ ︸
,

Y ∈ R
M×N
≥0

M × N W ∈ R
M×L
≥0 H =
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( 1)

[
ĥ1 ĥ2 · · · ĥL

]T

∈ H := R
L×N hl,n (l, n)

H C := R
L×N
≥0 ⊂ H ‖·‖2 �2

‖·‖F (·)T H
H

ĥl

iC(H) := 0 if H ∈ C iC(H) := ∞ otherwise
( 1)

( 1)

M � L ( 1)
‖Y − WH‖2

F

Y

Y

1 �1

W

J1(H)

�1

�1
( 1)

H

�1

H ( 1)

Y

H ( 1)

A = {�n1, n2� := {n1, n1 + 1, n1 + 2, · · · , n2} |
n1,n2 ∈ �1, N�, ∃l ∈ �1, L� s.t. (C1) and (C2) hold} .

hl,n1 �= 0, hl,n1+1 �= 0, · · · , hl,n2 �= 0
hl,n1−1 = hl,n2+1 = 0 n1 ≥ 2 n2 ≤ N − 1

�1

•

•

S := {(i, j) | i ∈ �1, L�, j ∈ �1, N�} ,

2S

S G ⊂ 2S
⋃

G∈G G = S
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( 1)

( 2)

G S

( 2) min
H∈H

J2(H) = ‖Y − WH‖2
F + iC(H) + Ω(H),

Ω(H) =
∑
G∈G

∥∥∥RG ◦ H
∥∥∥

F
.

RG L×N (s, t) rG
s,t >

0 (s, t) ∈ G rG
s,t = 0 ◦

G

H ( 1)
( 2)

Ω(H) =
Q∑

q=1

λq

L∑
l=1

‖ĥq,l‖2 + λ̃

L∑
l=1

N∑
n=1

|hl,n|,

ĥq,l l
Hq ∈ R

L×(nq,2−nq,1+1) q
�nq,1, nq,2� Q

A ∑L
l=1 ‖ĥq,l‖2 �1

H
Y

( 1)
A

�1 A
( 2)

( 2) Ω(H)

J3(H) = ϕ(H)︸ ︷︷ ︸ +
Q+2∑
j=1

ψj(H)

︸ ︷︷ ︸
,

ϕ(H) := ‖Y −WH‖2
F ,

ψ1(H) := iC(H),

ψj+1(H) := λj

L∑
l=1

‖ĥj,l‖, j = 1, 2, · · · , Q,

ψQ+2(H) := λ̃

L∑
l=1

N∑
n=1

|hl,n|.

ϕ
ϕ ψj j =

1, 2, · · · , Q + 2

( 2) Ω(H)

(Z(k)
j )k∈N ⊂ H j = 1, 2, · · · , Q + 2

(H(k))k∈N ⊂ H Z
(0)
j j =

1, 2, · · · , Q + 2 H(0) :=
∑Q+2

j=1 ωjZ
(0)
j

Z
(k)
j := Z

(k−1)
j + α

(
prox γ

ωj
ψj

(2H(k−1) − Z
(k−1)
j

−γ∇ϕ(H(k−1))) − H(k−1)
)

,

j = 1, 2, · · · , Q + 2,

H(k) :=
Q+2∑
j=1

ωjZ
(k)
j ,

ωj ∈ (0, 1) s.t.
∑Q+2

j=1 ωj = 1, j = 1, 2, · · · , Q + 2

α ∈
(
0, min

{
3
2 , ηγ+2

2ηγ

})
γ ∈

(
0, 2

η

)
η = 2σmax(W̄

T
W̄ )

W̄ = diag(W W · · · W ) ∈ R
NM×NL σmax(W̄

T
W̄ )

W̄
T
W̄

∇ϕ prox γ
ωj

ψj
, j =

1, 2, · · · , Q + 2

∇ϕ(H) = 2W TWH − 2W TY ,

prox γ
ω1

ψ1
(H) = PC(H)

=

⎡
⎢⎣ max{h1,1, 0} · · ·max{h1,N , 0}

max{hL,1, 0}· · ·max{hL,N , 0}

⎤
⎥⎦ ,

prox γ
ωj+1

ψj+1
(H) =

L∑
l=1

el

[
ĥ

T

j,l,L, max

{
1− λjγ

ωj‖ĥj,l‖2

, 0

}
ĥ

T

j,l, ĥ
T

j,l,R

]

j = 1, 2, · · · , Q,

prox γ
ωQ+2

ψQ+2
(H) =

L,N∑
l,n=1

sgn(hl,n)max

{
|hl,n|− λ̃γ

ωQ+2
,0

}
El,n,
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{el}N
l=1 R

L ĥ
T

j,l,L ∈
R

1×(nj,1−1) ĥ
T

j,l,R ∈ R
1×(N−nj,2) l

Hj,L ∈ R
L×(nj,1−1) Hj,R ∈ R

L×(N−nj,2)

H =: [Hj,L Hj Hj,R] El,n L×N
(l, n)

W

W

L = 3

β = 0.95

( 1) λ1 = 900, λ2 =
0, λ3 = 5

Z
(0)
j , j = 1, 2, 3

( 2) λ1 = 100, λ2 = 500, λ3 = 600, λ4 =
100, λ5 = 500, λ6 = 500, λ7 = 400, λ8 = 400 λ̃ = 5

H ( 1) Q = 8
Z

(0)
j , j = 1, 2, · · · , 10

H
H H

0.05

H

F
Etot

F Etot

F
Etot

�1

�1

(H, ‖·‖F)

ψ : H → R ψ
γ > 0 X ∈ H

proxγψ(X) := argmin
Y ∈H

(
ψ(Y ) +

1
2γ

‖X−Y ‖2
F

)
.

f1(Y ) := ψ(Y ) +
1
2γ ‖X−Y ‖2

F

K ⊂ H
X ∈ H K

PK(X) := argmin
Y ∈K

‖X − Y ‖F.

f2(Y ) := ‖X − Y ‖F K
K �= ∅

f : H → (−∞,∞] f(tX1 + (1 − t)X2) ≤
tf(X1)+(1− t)f(X2) X1, X2 ∈ H t ∈ [0, 1]
{X | f(X) < ∞} �= φ {X | f(X) ≤
a} a ∈ R
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