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 Abstract—To reduce the large computation of joint direc-

tion-of-arrival (DOA) and polarization parameters estimation 
based on electromagnetic vector sensor array, a reduced-
dimensional MUSIC algorithm with modulus constraint (MC-
RDMUSIC) is proposed. The MC-RDMUSIC algorithm esti-
mates the DOA and polarization parameters in two separate 
steps. In step one, DOA parameter is separated from polariza-
tion parameters and estimated by MUSIC algorithm; in step 
two, cost function is constructed according to constraint condi-
tion and polarization parameters are obtained with closed-
form formulas. Compared with traditional MUSIC algorithm, 
MC-RDMUSIC algorithm avoids the spectrum peak search of 
DOA and polarization parameters at the same time, greatly 
improves the operation efficiency. Because of the one-to-one 
correspondence between DOA angle and polarization parame-
ters, MC-RDMUSIC algorithm avoids parameters matching 
problem compared with ESPRIT algorithm. The computer 
simulation results verify the correctness of MC-RDMUSIC 
algorithm, and as well as its high success rate and precision of 
the angle estimation. 

Index Terms— Electromagnetic vector sensor, parameter 
estimation, MUSIC algorithm, spectrum peak search 

I. INTRODUCTION 

Electromagnetic vector sensor array signal processing has 
become a new research hotspot in the field of array signal 
processing, and gotten some theoretical results [1].High 
resolution parameter estimation methods, such as MUSIC 
[2-3] and ESPRIT algorithm [4-5] have been proposed with 
good estimation and identify performance for uncorrelated 
multiple objects. However, for multiple parameters estima-
tion, traditional MUSIC algorithm requires a multi-
dimensional spectrum peak search, which makes the calcu-
lation complexity seriously increased. At the same time, 
ESPRIT algorithm requires considering parameters match-
ing problem. Reference [6-8] used reduced-dimensional 
MUSIC algorithm for scalar array, but no research about 
electromagnetic vector sensor array. Reference [9-10] used 
reduced-dimensional MUSIC algorithm based on quaternion 
                                                 

 This work was supported in part by the National Natural Science Foun-
dation of China (No. 61371184 and No. 61301262) and in part by China 
Postdoctoral Science Special Foundation (No. 115719). 

and searched DOA angles and polarization parameter re-
spectively, and one four-dimensional spectrum peak search 
reduced two two-dimensional spectral peak searches. On the 
basis of literature [9-10], this paper proposes a reduced-
dimensional MUSIC algorithm with modulus constraint, 
which splits signal arrival angles and polarization parame-
ters from each other and estimates them separately. In this 
way, the four-dimensional spectrum peak search process is 
reduced to a two-dimensional spectral peak search process. 
Compared with the algorithm proposed in the literature [10], 
computational complexity greatly reduces again, and also 
the DOA and polarization parameters estimation can be ac-
curately obtained. 

II.  ARRAY SIGNAL MODEL 

The electromagnetic vector sensor array is made up 
of M electric crossed dipole pairs. All electric crossed di-
pole pairs are arranged uniformly in the y axis and dep-
loyed paralleled to x axis and y axis respectively. The inter-
element spacing is equal to d . 

The two orthogonal electric dipole polarization steering 
vector is expressed as 
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Where [0, / 2)γ π∈ denotes auxiliary polarization angle, 
[ , )η π π∈ − denotes polarization phase differ-

ence. [ / 2, / 2]θ π π∈ −  and [0,2 )ϕ π∈ denote the incident 
source’s elevation angle and azimuth angle respectively. 

The space steering vector of the non-collocated array is 
 ( 1)( , ) 1, ,...,j j Me eφ φθ ϕ

Τ− − −⎡ ⎤= ⎣ ⎦sa  (2) 

Where 2 sin sin /dφ π θ ϕ λ= , λ denotes wavelength. 
The space-polarization steering vector can be described as 

Kronecker product of space steering vector and polarization 
steering vector, that is 
 ( , , , ) ( , ) ( , , , )θ ϕ γ η θ ϕ θ ϕ γ η= ⊗s pa a a  (3) 
Where ⊗ denotes the Kronecker product. 
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The assumed signal scenario has K uncorrelated narrow-
band sources which incident on electromagnetic vector sen-
sor array. The received signal model of array can be ex-
pressed as 
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Where [ ,..., ,..., ]= 1 i KA a a a denotes array manifold matrix; 

ia denotes space-polarization steering vector; ( )ts denotes 
signal vector; ( )tn  symbolizes the zero-mean additive com-
plex Gaussian noise. 

III.  REDUCED-DIMENSIONAL MUSIC ALGORITHM WITH 
MODULUS CONSTRAINT 

The array covariance matrix has the form 
 2

2( ) ( ) ME t t σΗ Η⎡ ⎤= = +⎣ ⎦x sR X X AR A I  (5) 

The eigenvalue decomposition of array covariance matrix is 
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Where iλ  is the eigenvalue 1 2 1K Kλ λ λ λ +≥ ≥ > =  
2

2Mλ σ= , and 1 2 2, ,..., Mu u u are the corresponding ortho-
normal eigenvectors. The signal subspace sU and noise sub-
space nU  are defined as 
 1 2 1 2[ , ,..., ], [ ,..., ]s K n K M+= =U u u u U u u  (7) 

The traditional MUSIC spectrum estimation formula is: 

 1( , , , )
( , , , ) ( , , , )MUSICP θ ϕ γ η
θ ϕ γ η θ ϕ γ ηΗ Η=

n nA U U A
 (8) 

To solve equation (8), four-dimensional spectrum peak 
search is required, which leads to large computation cost. If 
the problem can be solved by two-dimensional spectrum 
peak search, the computation will be reduced greatly, which 
is known as dimension reduction. 

The derivation of the new method is as follows 
 ( , , , ) ( , , , ) ( , , , )T θ ϕ γ η θ ϕ γ η θ ϕ γ ηΗ Η= n nA U U A  (9) 
Because of 
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According to equation (10) and (11), the variant of equation 
(9) is 
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Define 
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According to subspace principle, the eigenvector of the 
subspace which composed of signal steering vector and the 
eigenvector of noise subspace are orthogonal. 
 { } { }span span⊥ nA U  (14) 
Substitute equation (14) into equation (9), yields 
 ( , , , ) 0T θ ϕ γ η =  (15) 
When (0, / 2)γ π∈ , ( , , , )θ ϕ γ ηΗ

pa has full column rank. 
To make the equation (15) satisfied, ( , )θ ϕG is not full rank, 
so we can include 
 det{ ( , )} 0θ ϕ =G  (16) 
According to equation (17), we can get the DOA estimation: 

 1( , ) arg max
det{ ( , )}

θ ϕ
θ ϕ

∧ ∧
=

G
 (17) 

Using ( , , , )T θ ϕ γ η to solve the DOA and polarization pa-
rameters estimation can be seen as a solution of the optimi-
zation problem. The optimization problem can be described 
as: 
 2min ( , ) ( , ) ( , ) . . ( , ) 1H s tγ η θ ϕ γ η γ η =E G E E  (18) 
The cost equation is established as 

 
( , , , )

( , ) ( , ) ( , ) [ ( , ) ( , ) 1]H

L
u

θ ϕ γ η
γ η θ ϕ γ η γ η γ ηΗ

=
− −E G E E E

 (19) 

To derivative equation (19) and make the result zero, we 
have 
 ( , , , ) 2 ( , ) ( , ) 2 ( , ) 0

( , )
L uθ ϕ γ η θ ϕ γ η γ η

γ η
∂ = − =

∂
G E E

E
 (20) 

 ( , ) ( , ) ( , )uθ ϕ γ η γ η=G E E  (21) 
Obviously, ( , )γ ηE is the eigenvector corresponding to ei-
genvalue u of ( , )θ ϕG . Due to 
 ( , ) ( , ) ( , ) ( , ) ( , )u uγ η θ ϕ γ η γ η γ ηΗ Η= =E G E E E  (22) 
Therefore, to make the objective function minimum is equal 
to make u minimum. The desires of ( , )γ ηE is just the eigen-
vector corresponding to minimum eigenvalue of ( , )θ ϕG . 
That is 
 min( , ) [ ( , )]γ η θ ϕ=E p G  (23) 

According to the expression of ( , )γ ηE  in equation (1), 
we can get polarization parameters through following equa-
tions 

 { }1tani iγ ξ
∧

−=  (24) 

 { }argi iη ξ
∧
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∧ ∧

p G is the thl element 

of min[ ( , )]i iθ ϕ
∧ ∧

p G .The DOA estimation and polarization pa-
rameter estimation is one to one correspondence, so there is 
no additional angle matching process. 
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IV.  CALCULATION CONTRAST 

Using traditional MUSIC algorithm can obtain DOA es-
timation and polarization parameter estimation, the calcula-
tion is 2 3 4{4 8 [2 (2 ) 2 ]}o M L M n M M K M K+ + − + − , where 
n  is the total search times within the search range , L  is the 
number of snapshots, M is the number of electric crossed 
dipole pairs, K  is the number of uncorrelated narrowband 
sources. MC-RDMUSIC algorithm has lower computational 
complexity than traditional MUSIC algorithm, and it re-
quires 2 3 2 2{4 8 [(4 4)(2 ) 8]}o M L M n M M K+ + + − + . 
ESPRIT algorithm requires 2 3 2 2{4 8 2 4o M L M K M K+ + +  

3( 1) 6 ]}M K⋅ − + . In general, M 、 K  and L  is much 
smaller than n , so the computational complexity mainly 
depends on the items relevant with n . The computational 
complexity of the traditional MUSIC algorithm is the larg-
est, with the magnitude of 4n . The computational complexi-
ty of MC-RDMUSIC algorithm is just of order 2n , so its 
operation efficiency has significant advantages. The compu-
tational complexity of ESPRIT algorithm doesn’t include 
items about n , so it has the smallest calculation complexity. 
However, ESPRIT algorithm needs to consider parameters 
matching problem, which leads to large complications. 

V.  SIMULATIONS 

Assuming that the number of array elements is 8, sam-
pling snapshots is 512, the inter-element spacing is set to be 

/ 2d λ= , two incoherent sources / 2ϕ π= , / 2η π= , 
° °

1 1( , ) (10 ,30 )θ γ = and ° °
2 2( , ) (30 ,60 )θ γ = .Change the sig-

nal-to-noise-ratio (SNR) of incident signal, and conduct 
Monte Carlo experiment 500 times. The angle error of the 
measured value is in the range of 1 degree is defined as suc-
cess, otherwise for failure. After a large number of experi-
ments, the number of successful experiment gives the suc-
cess rate. Figure 1(a) and 1(b) show a comparison between 
the performances of traditional MUSIC algorithm, ESPRIT 
algorithm and MC-RDMUSIC algorithm. The success rate 
of DOA and polarization parameters versus SNR is shown 
in Figure 1(a) and 1(b).  It can be seen that success rate of 
DOA and polarization parameters estimation is increasing as 
the SNR increases. In the case of low SNR, success rate of 
traditional MUSIC algorithm and MC-RDMUSIC algorithm 
is slightly higher than ESPRIT algorithm. 

The root mean square error (RMSE) of DOA and polari-
zation parameters versus SNR under three algorithms is 
shown in Figure 2(a) and 2(b) respectively. From the simu-
lation results we can see that as the SNR increases, estima-
tion error is smaller and smaller. For DOA measuring accu-
racy, traditional MUSIC algorithm and MC-RDMUSIC al-
gorithm is nearly the same and higher than ESPRIT algo-
rithm. For polarization parameters measuring accuracy, In 
the case of low SNR, traditional MUSIC algorithm is higher 
than MC-RDMUSIC algorithm and ESPRIT algorithm. 
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Fig. 1(a).success rate of DOA estimation versus SNR 
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Fig. 1(b).success rate of polarization parameters versus SNR  

Assuming SNR is 10dB  , change the number of sampling 
snapshots. The root mean square error (RMSE) of DOA and 
polarization parameters versus sampling snapshots under 
three algorithms is shown in Figure 3(a) and 3(b) respective-
ly. From the simulation results it can be seen, as the increase 
of sampling snapshots, RMSE is degrading consistently. 
Under the condition of small number of snapshots, tradi-
tional MUSIC algorithm and MC-RDMUSIC algorithm has 
the higher precision than ESPRIT algorithm for DOA esti-
mation and polarization parameters estimation. However, 
increasing snapshots number will lead to the increase of 
computation complexity, we should choose appropriate 
sampling snapshots. In this experiment, when the snapshots 
number arrives 300, the RMSE of DOA estimation and po-
larization parameters is already small and nearly stable. 

Therefore, we can conclude that the performance of MC-
RDMUSIC is very close to traditional MUSIC algorithm for 
DOA estimation, and better than ESPRIT algorithm. For 
polarization parameters estimation, the performance of MC-
RDMUSIC is slightly inferior to traditional MUSIC algo-
rithm, but better than ESPRIT algorithm. 
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Fig. 2(a).RMSE of DOA estimation versus SNR 
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Fig. 2(b).RMSE of polarization parameters versus SNR 
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Fig. 3(a).RMSE of DOA estimation versus snapshots 
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Fig. 3(b).RMSE of polarization parameters versus snapshots 

VI. CONCLUSION 

In order to reduce computational complexity and avoid 
parameters matching problem, MC-RDMUSIC algorithm is 
proposed. Direction-of-arrival angle information is sepa-
rated from polarization information and estimated by two-
dimensional MUSIC algorithm, and then closed-form for-
mulas are derived and utilized to obtain polarization para-
meter estimation. The simulation experiment results verify 
the accuracy of reduced-dimensional MUSIC algorithm with 
modulus constraint. Compared with traditional MUSIC al-
gorithm and ESPRIT algorithm, MC-RDMUSIC has an 
acceptable estimation precision and success rate perfor-
mance, while the computation complexity is highly reduced. 
Besides that, on the basis of the algorithm introduced in this 
paper, we will in the future consider a new method that 
completely avoid spectrum peak search, further reduce the 
computation. 
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